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^-^ ' Abstract. We prove a surgery formula for the smooth Yamabe invariant (t(M) 

^ ^ ' of a compact manifold M. Assume that A'^ is obtained from M by surgery of 

^ codimension at least 3. We prove the existence of a positive constant A„, 

1^ , depending only on the dimension n of M, such that 

Q I a{N) > min{a{M),A„}. 
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1. Introduction 

1.1. Main result. The smooth Yamabe invariant, also called Schoen's cr-invariant, 
of a compact manifold M is defined as 

a{M) := supinf / ScaFdw^, 

where the supremuni runs over all conformal classes [50] on M and the infimum 
runs over all metrics g of volume 1 in [go]. The integral £{g) := J^ ScaF dv^ is the 
integral of the scalar curvature of g integrated with respect to the volume element 
of g and is known as the Einstein- Hilbert-functional. 

Let n = dimM. We assume that N is obtained from M by surgery of codimen- 
sion n~ k > 3. That is for a given embedding S^ ^-s- M, with trivial normal bundle, 
< fc < n — 3, we remove a tubular neighborhood U — ^{S'^) of this embedding. 
The resulting manifold has boundary S'' x S"^''^^. This boundary is glued to- 
gether with the boundary of _B'^+^ x S"~''^^, and wc thus obtain the closed smooth 
manifold 

N := (A/\ L/e(5'=)) Us.x5„-.-i {B''+' x 5«-^-1). 

Our main result is the existence of a positive constant A„ depending only on n 
such that 

a{N)>mm{a{M),A„}. 

This formula unifies and generalizes previous results by Gromov-Lawson, Schoen- 
Yau, Kobayashi, Petean-Yun and allows many conclusions by using bordism theory. 
In Section 11.21 we give a detailed description of the background of our result. 
The construction of a generalization of surgery is recalled in Section [21 Then, in 
Section[3]the constant A„ is described and it is proven to be positive. After the proof 
of some preliminary results on limit spaces in Section |4l we derive a key estimate in 
Section [5l namely an estimate for the i^-norm of solutions of a perturbed Yamabe 
equation on a special kind of sphere bundle, called W^S'-bundle. The last section 
contains the proof of the main theorem. Theorem 11.31 

1.2. Background. We denote by B^{r) the open ball of radius r around in M" 
and we set B" := S"(l). The unit sphere in K" is denoted by 5""^ By ^" we 
denote the standard flat metric on R" and by <t"~^ the standard metric of constant 
sectional curvature 1 on S"~^. We denote the Riemannian manifold (S'"'~^, cr""^) 
byS"-i. 

Let (M, g) be a Riemannian manifold of dimension n. The Yamabe operator, or 
Conformal Laplacian, acting on smooth functions on M is defined by 

L^u = aA^u + ScaFu, 

where a := ^"~ ■ Let p :— -^. Define the functional J^ acting on non-zero 
compactly supported smooth functions on M by 

J^{u) := ^ ^. (1) 

[Jj^uPdvay 
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If g and g — f"^^g — f^^^g are conformal metrics on M , then the corresponding 
Yamabe operators are related by 

Lau^f-^LS{fu) = f-PLa{fu). (2) 

It follows that 

J~s{u) = J%fu). (3) 

For a compact Riemannian manifold (M, g) the conformal Yamabe invariant is 
defined by 

li{M,g) :=inf J9(u) £ M, 

where the infimum is taken over all non-zero smooth functions u on M . The same 
value of n{M, g) is obtained by taking the infimum over positive smooth functions. 
From ^ it follows that the invariant n depends only on the conformal class [g] 
of g, and the notation fi{M, [g]) = iJ,{M,g) is also used. For the standard sphere 

we have 

/i(§") = n(n-lK2/n^ (4) 

where u;„ denotes the volume of §". This value is a universal upper bound for fi. 
Theorem 1.1 ([7, Lemma 3]). The inequality 

fi{M,g)<fi{S^) 
holds for any compact Riemannian manifold {AI,g). 

For M > the J^-functional is related to the Einstein-Hilbcrt-functional via 

c/ 4/(n-2) N 

J»(w) = ^-^ ^^^r^, VueC°°(A/,R+), 

Vol(Af,u4/(n-2)^)^' 

and it follows that fJ,{M, g) has the alternative characterization 

fiiM,g)= inf ^^^^ ,. , . 

m9]Yo\{M,g)^r- 

Critical points of the functional J^ are given by solutions of the Yamabe equation 

for some ^ £ R. If the inequality in Theorem 11.11 is satisfied strictly, that is if 
fi{M,g) < /i(S"), then the infimum in the definition of fi{M,g) is attained. 

Theorem 1.2 ([HIT]). Let M be connected. If fi{M,g) < /i(S") then there exists 
a smooth positive function u with J^{u) = /i and ||u||lp = 1. This implies that u 
solves (O with fi — ii{M,g). The minimizer u is unique if fJ- <0. 

The inequality fi{M,g) < /i(§") was shown by Aubin j7] for non-conformally 
flat, compact manifolds of dimension at least 6. Later Schoen [36' could apply the 
positive mass theorem to obtain this strict inequality for all compact manifolds not 
conformal to the standard sphere. We thus have a solution of 

L3u = nuP-\ u>0. (5) 

To explain the geometric meaning of these results we recall a few facts about the 
Yamabe problem, see for example [22] and [HI Chapter 5] for more details on this 
material. The name of Yamabe is associated to the problem, as Yamabe wrote the 
first article about this subject [i5] . 

For a given compact Riemannian manifold (M, g) the Yamabe problem consists 
of finding a metric of constant scalar curvature in the conformal class of g. The 
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above results yield a minimizcr u for J^ . Equation ([5]) is equivalent to the fact that 
the scalar curvature of the metric u^'^"^""^' g is everywhere equal to /z. Thus, the 
above Theorem, together with ^{M,g) < /x(S"), resolves the Yamabe problem. 

A conformal class [g] on M contains a metric of positive scalar curvature if and 
only if /i(Af, [g]) > 0. If M = Mi II A/2 is a disjoint union of Mi and M2 and if gi 
is the restriction of g to Mj , then 

fi{M, [g]) = min{Ai(Mi, [51]), ^(^2, [52])} 

if fJ,{Mi, [gi]) > or /i(M2, [(72]) > 0, and otherwise 

fi{M, [g]) = - (|m(Mi, [gi])r/2 + |^(M2, [52] )r/') • 
One now defines the smooth Yamabe invariant as 

a(Af) := supM(M, [g]) < n{n ~ l)u^J^, 

where the supremum is taken over all conformal classes [g\ on Af . 

The introduction of this invariant was originally motivated by Yamabe's attempt 
to find Einstein metrics on a given compact manifold, see [37] and [2S]. Yamabe's 
idea in the early 1960's was to search for a conformal class [flsup] that attains 
the supremum. The minimizer g^ of £ among all unit volume metrics in [^sup] 
exists according to Theorem 1 1.21 and Yamabe hoped that the go obtained with this 
minimax procedure would be a stationary point of £ among all unit volume metrics 
(without fixed conformal class), which is equivalent to g^ being an Einstein metric. 

Yamabe's approach was very ambitious. If M is a simply connected compact 
3- manifold, then an Einstein metric on M is necessarily a round metric on S^ , 
hence the 3-dimensional Poincare conjecture would follow. It turned out, that his 
approach actually yields an Einstein metric in some special cases. For example, 
LeBrun ^TT\ showed that if a compact 4-dimensional M carries a Kahler-Einstein 
metric with non-positive scalar curvature, then the supremum is attained by the 
conformal class of this metric. Moreover, in any maximizing conformal class the 
minimizer is a Kahler-Einstein metric. 

Compact quotients M = T\K^ of 3-dimensional hyperbolic space H'^ yield other 
examples on which Yamabe's approach yields an Einstein metric. On such quo- 
tients the supremum is attained by the hyperbolic metric on M . The proof of this 
statement uses Perelman's proof of the Geometrization conjecture, see |Bj. In par- 
ticular, o'(r\H'^) = — 6(wr)^^^ where vt is the volume of r\H^ with respect to the 
hyperbolic metric. 

On a general manifold, Yamabe's approach failed for various reasons. In dimen- 
sion 3 and 4 obstructions against the existence of Einstein metrics are known today, 
see for example |25l I28j . In many cases the supremum is not attained. 

R. Schoen and O. Kobayashi started to study the ct- invariant systematically in 
the late 1980's, [37l [38l El [23] . In particular, they determined ct(5"~i x 5^) to 
be cr(S'") = n{n — l)u;n . On S*""^ x S^ the supremum in the definition of a is 
not attained. In order to commemorate Schoen's important contributions in these 
articles, the a-invariant is also often called Schoen's cr-constant. 

The smooth Yamabe invariant determines the existence of positive scalar cur- 
vature metrics. Namely, it follows from above that the smooth Yamabe invariant 
a{M) is positive if and only if the manifold M admits a metric of positive scalar 
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curvature. Thus the value of ct(A/) can be interpreted as a quantitative refinement 
of the property of admitting a positive scalar curvature metric. 

In general calculating the (T-invariant is very difficult. LeBrun |251 Section 5], 
[27j showed that the cr-invariant of a complex algebraic surfaces is negative (resp. 
zero) if and only if it is of general type (resp. of Kodaira dimension or 1), and 
the value of a{M) can be calculated explicitly in these cases. As already explained 
above, the cr-invariant can also be calculated for hyperbolic 3-manifolds, they are 
realized by the hyperbolic metrics. 

There are many manifolds admitting a Ricci-flat metric, but no metric of pos- 
itive scalar curvature, for example tori, K3-surfaces and compact connected 8- 
dimensional manifolds admitting metrics with holonomy Spin(7). These conditions 
imply a{M) — 0, and the supremum is attained. 

Conversely, Bourguignon showed that if a{M) = and if the supremum is at- 
tained by a conformal class [ffsup], then £ : [gsup] ^^ K attains its minimum in a 
Ricci-flat metric go G [gsup]- Thus Cheeger's splitting principle implies topolog- 
ical restrictions on M in this case. In particular, a compact quotient r\iV of a 
non-abelian nilpotent Lie group N does not admit metrics of non-negative scalar 
curvature, but it admits a sequence of metrics gi with /i(r\iV, g^) —^ 0. Thus r\7V 
is an example of a manifold for which a{T\N) — 0, for which the supremum is not 
attained. 

All the examples mentioned up to here have a{M) < 0. Positive smooth Yamabe 
invariants are even harder to determine. The calculation of non-positive a{M) often 
relies on the formula 

I mm{a{M), 0}\'''/^ = inf / |Scal»|"/2 dv^ 
3 Jm 

where the infimum runs over all metrics on M. This formula does not distinguish 
between different positive values of a{M), and thus it cannot be used in the positive 
case. 

It has been conjectured by Schoen [38] Page 10, lines 6-11] that all finite quo- 
tients of round spheres satisfy a{S^/r) = (#r)^^/"F(§"), but this conjecture is 
only verified for RP^ [10], namely a{RP^) = 6{uj3/2)^^^. The a-invariant is also 
known for connected sums of RP^:s with S*^ x S^:s 3 , for CP^ [T7] and for con- 
nected sums of CP^ with several copies of S^ x S^. With similar methods, it 
can also be determined for some related manifolds, but for example the value of 
a{S^ X S'^) is not known. To the knowledge of the authors there are no manifolds 
M of dimension n > 5 for which it has been shown that < a{M) < a{S"), but 
due to Schoen's conjecture finite quotients of spheres would be examples of such 
manifolds. 

As explicit calculation of the Yamabe invariant is difficult, it is natural to use 
surgery theory to get estimates for more complicated examples. Several articles 
study the behavior of the smooth Yamabe invariant under surgery. In [16j and |39j 
it is proven that the existence of a positive scalar curvature metric is preserved 
under surgeries of codimension at least 3. In terms of the cr-invariant this means 
that if A^ is obtained from a compact manifold M by surgery of codimension at 
least 3 and a{M) > 0, then a{N) > 0. 

Later Kobayashi proved in [23] that if A^ is obtained from M by 0-dimensional 
surgery, then a{N) > a{M). A first consequence is an alternative deduction of 
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aiS""-^ X S^) = cr(S'") using the fact that S''-^ x S^ is obtained from 5" by 0- 
dimensional surgery. More generally one sees that cr(S'"^^ x 5'^# • • • #5"^^ x 5^) = 
cr(S'") as this connected sum is obtained from S" by 0-diniensional surgeries as well. 
Note that it follows from what we said above that the smooth Yamabe invariant 
of disjoint unions M — Mi 11 M2 satisfies 

C7{M) = mm {a (Ml), a {M2)} 

if cr(Mi) > or cr(Af2) > 0, and otherwise 

/ , , \ 2/n 

<jiM) = - (|a(Mi)|"/2 + |(7(M2)|"/2j . 

Kobayashi's result then implies cr(Afi#Af2) > cr(Mi IIM2), and thus yields a lower 
bound for a{Mi^M2) in terms of a{Mi) and a{M2)- 

A similar monotonicity formula for the cr-invariant was proved by Petean and 
Yun in [33]. They prove that a{N) > min{cr(M),0} if N is obtained from M 
by surgery of codimension at least 3. See also [26l Proposition 4.1], 1 for other 
approaches to this result. Clearly, this surgery result is particularly interesting 
in the case cr{M) < 0, and it has several fruitful applications. In particular, any 
simply connected compact manifold of dimension at least 5 has a{M) > 0, [32] , 
This result has been generalized to manifolds with certain types of fundamental 
group in [9]. 

1.3. Stronger version of the main result. In the present article we prove a 
surgery formula which is stronger than the Gromov-Lawson/Schoen-Yau surgery 
formula, the Kobayashi surgery formula and the Petean- Yun surgery formula de- 
scribed above. Suppose that Mi and M2 are compact manifolds of dimension n 
and that VF is a compact manifold of dimension k. Let embeddings W ^^ Mi and 
W ^^ M2 be given. We assume further that the normal bundles of these embed- 
dings are trivial. Removing tubular neighborhoods of the images of W in Mi and 
M2, and gluing together these manifolds along their common boundary, we get a 
new compact manifold N, the connected sum of Mi and M2 along W. Strictly 
speaking N also depends on the choice of trivialization of the normal bundle. See 
section [2] for more details. 

Surgery is a special case of this construction: if A/2 = S", W — S'' and if 
S'^ ^^ S" is the standard embedding, then N is obtained from Mi via fc-dimensional 
surgery along S'' ^-> Mi . 

Theorem 1.3. Let Mi and M2 be compact manifolds of dimension n. If N is 
obtained as a connected sum of Mi and M2 along a k-dimensional submanifold 
where k < n -- 3, then 

a{N) > min{a(Mi U M2), A„,fc} 

where A„^fc is positive, and only depends on n and k. Furthermore A„^o = '^{S"')- 

From Theorem Owe know that a{M) < ct(S'") and thus cr{M U 5") = a{M) 
for all compact M. Hence, we obtain for the special case of surgery the following 
corollary. 

Corollary 1.4. Let M be a compact manifold of dimension n. Assume that N is 
obtained from M via surgery along a k-dimensional sphere W , k <n — 3. We then 
have 

a{N) >min{cr(M),A„,fc} 
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The constants h.n,k will be defined in Section [3l In Subsections 13.31 and 
we prove that these constants are positive, and in Subsection 13.51 we prove that 
A,i,o = /^(S")- However, an explicit calculation of A„^fc for k > Q seems very 
difficult. The main problem consists in calculating the conformal Yamabe invariant 
of certain Riemannian products, which in general is a hard problem. See [2 for 
recent progress on this problem. 

1.4. Topological applications. The above surgery result can be combined with 
standard techniques of bordism theory. Such applications will be the subject of a 
sequel to this article, and we will only give some typical conclusions as examples 
here. 

The first corollary uses the fact that spin bordism groups and oriented bordism 
groups are finitely generated together with techniques developed for the proof of 
the ft,-cobordism theorem. 

Corollary 1.5. For any n > 5 there is a constant Cn > 0, depending only on n, 
such that 

a(M)G{0}U[C„,(7(5")] 
for any simply- connected compact manifold M of dimension n. 

We now sketch how interesting bordism invariants can be constructed using our 
main result. This construction will be explained here only for spin manifolds, but 
similar constructions can also be done for oriented, non-spin manifolds or for non- 
oriented manifolds. 

Fix a finitely presented group F, and let BY be the classifying space of F. We 
consider pairs (M, f) where M is a compact spin manifold and where f : AI ^ BT 
is continuous. Two such pairs (Mi,/i) and {M2, f2) are called spin bordant over 
BT if there exists an (n-l-l)-dimensional spin manifold W with boundary —M1UM2 
with a map F : W ^ BT such that the restriction of F to the boundary yields /i 
and /2. It is implicitly required that the boundary carries the induced orientation 
and spin structure and —Mi denotes Mi with reversed orientation. Being spin 
bordant over BT is an equivalence relation. The equivalence class of (Af , /) under 
this equivalence relation is denoted by [M, f] and the set of equivalence classes is 
called r2fjP'"(i3F). Disjoint union of manifolds defines a sum on ri^P'"(i3F) which 
turns it into a group. 

We say that a pair (M, /) with f : M —f BT is a ni-bijective representative of 
[M, f] if M is connected and if the induced map /* : tti (M) — > F is a bijection. 
Any equivalence class in r2^P'"(i3F) has a 7ri-bijective representative. 

Now we define 

A„ := min{A„,i, . . . A„^„„3} > 0, 

a{M) :=min{cr(A'f),A„}. 

Proposition 1.6. Let n > 5. Let (Afi, /i) and {M2, /2) be compact spin manifolds 
with maps fi : Mi -^ BT. If {Mi, fi) and [M2, f2) are spin bordant over BT and 
if {M2, f2) is a TTi-bijective representative of its class, then 

a{Mi) < a{M2). 

We define sr : l^f,P'"(SF) ^ R by 

sr([M,/]):= sup a{Mi). 
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The proposition states st{[M, /]) ~ a{M) if (Af, /) is a Tri-bijective representative 
of its class. The surgery formula further implies 

Sr([Mi,/i] + [A/2,/2]) > min{sr([A/i,/i]),sr([M2,/2])} 

if sr([Mi, /i]) > or sriWh, J2]) > 0, and otherwise 

sr([Mi,/i] + [M,,h]) > - (|sr([Mi,/i])r/2 + |sr([M2, M)!"/^)'^" . 

We conclude, and obtain the following theorem. 

Theorem 1.7. Let t e M, t > 0, n e N, n > 5. Then the sets 

G{t) := {[M, /] e ^riBT) I sr{[M, /]) > t} 

and 

Git) := {[M, /] e f]Spi"(sr) I sr([M, /]) > i} 
are subgroups of nf^^"^{BT). 

The theorem admits — among other interesting conclusions — the following 
application. For a positive integer p we write p^M for M # • • • ^M where M 
appears p times. We already know cr(p#Af ) > a{M) if a{M) > 0. 

Corollary 1.8. Suppose M is a compact spin manifold of dimension at least 5 
with a{M) G (0,A„). Let p and q be two relatively prime positive integers. If 
cr{p#M) > a{M), then a{q#M) = a{M). 

If Schoen's conjecture about the cr-invariant of quotients of spheres holds true, 
then quotients of spheres by large fundamental groups yield examples of mani- 
folds M with a{M) e (0, A„). 

The determination of manifolds admitting positive scalar curvature metrics, i. e. 
manifolds with a{M) > has led to interesting results and challenging problems 
in topology [35]. It would be interesting to develop similar topological tools for 
manifolds with a-{M) > e for e > 0. As explained above such manifolds form a 
subgroup on the bordism level. In particular, it would be interesting to find on 
the bordism level a ring structure on manifolds with cr(Af") > e„ where e„ > is 
a given sequence of positive numbers, generalizing the ring structure on positive 
scalar curvature bordism classes. 

1.5. Comparison to other results. At the end of the section we want to mention 
some similar constructions in the literature. An analogous surgery formula holds if 
we replace the Conformal Laplacian by the Dirac operator, see [4] for details and 
applications. D. Joyce [SD]) followed by L. Mazzieri [301 131]) considered a problem 
tightly related to our result: their goal is to construct a metric on a manifold 
obtained via a connected sum along a /c-dimensional submanifold. For these metrics 
they construct a solution of the Yamabe equation on the new manifold which is close 
to solutions of the Yamabe equations on the original pieces. Such a construction was 
achieved by D. Joyce for fc = and by L. Mazzieri for k € {l,...,n — 3} provided 
that the embeddings defining the connected sum are isometric. In contrast to our 
article their solutions on the new manifold are not necessarily minimizers of the 
volume-normalized Einstein-Hilbert functional. 

Acknowledgments. The authors want to thank the Max Planck Institute for 
Gravitational Physics in Potsdam for its hospitality, its support, and its friendly 
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working conditions which had an important impact on this article. We thank An- 
dreas Hermann for the numerical computation of the equivariant version of A4^i 
mentioned in Section [321 We also thank Kazuo Akutagawa for interesting discus- 
sions and insightful comments. 

2. The connected sum along a submanifold 

In this section we are going to describe how two manifolds are joined along a 
common submanifold with trivialized normal bundle. Strictly speaking this is a 
differential topological construction, but since we work with Riemannian manifolds 
we will make the construction adapted to the Riemannian metrics and use distance 
neighborhoods defined by the metrics etc. 

Let (Ml, gi) and {M2, 32) be complete Riemannian manifolds of dimension n. Let 
IV be a compact manifold of dimension k, where < fc < n. Let Wi : W x R""''' -^ 
TMi, i = 1,2, be smooth embeddings. We assume that Wi restricted to M^ x {0} 
maps to the zero section of TMi (which we identify with Mi) and thus gives an 
embedding W -^ Mi. The image of this embedding is denoted by W^. Further we 
assume that wt restrict to linear isomorphisms {p} x R"^*-' -^ A'^u.(po)W7 for all 
p & Wi, where NW^ denotes the normal bundle of W/ defined using gi. 

We set Wi := exp^' otD^. This gives embeddings Wi : W x -B"~'^(i?max) -^ Mi for 
some -Rinax > and i = 1,2. We have W^ = Wi{W x {0}) and we define the disjoint 



union 



and 



(M,5):=(MiUM2,5ing2), 



W' ■.^W[1IW2. 
Let ri be the function on Mi giving the distance to W-. Then ri o wi{p,x) — 
r2 o W2{p, x) = \x\ for p G W, x £ i?"^'''(-Rmax)- Let r be the function on M defined 
by r(x) := ri{x) for x G Mi, i = 1,2. For < e we set Ui{e) := {x e Mi : ri{x) < e} 
and U{e) := Ui{e) UU2ie). For < e < 6I wc define 

N, := (Afi \ C/i(e)) U {M2 \ t/2(e))/~, 

and 

U^{0):^iU{0)\Uie))/^ 
where ^ indicates that we identify x e dUi{e) with W2 o w^^{x) G 9t/2(e). Hence 

N, = {M\U{e))UU^{9). 

We say that iV^ is obtained from Mi, M2 (and wi, W2) by a connected sum along 
W with parameter e. 

The diffeomorphism type of iVj is independent of e, hence we will usually write 
N — Ng. However, in situations when dropping the index causes ambiguities we 
will keep the notation N^. For example the function r : M ^ [0,oo) gives a 
continuous function r^ : N^ ^ [e, 00) whose domain depends on e. It is also going 
to be important to keep track of the subscript e on U^ (9) since crucial estimates 
on solutions of the Yamabe equation will be carried out on this set. 

The surgery operation on a manifold is a special case of taking connected sum 
along a submanifold. Indeed, let M be a compact manifold of dimension n and 
let Ml = M, M2 = S", W = S''. Let wi : S'' x 5""'= ^ M be an embedding 
defining a surgery and let W2 : S''^ x B^^^ -^ 5" be the standard embedding. Since 
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5" \ W2iS'' X S"^*^) is diffeomorphic to 5*^+^ x 5'"-'=-i we have in this situation 
that N is obtained from M using surgery on wi, see [Ml Section VI, 9]. 

3. The constants A„^fc 

In Section 11.21 we defined the conformal Yaniabe invariant only for compact 
manifolds. There are several ways to generalize the conformal Yamabe invariant 
to non-compact manifolds. In this section we define two such generalizations /i'"' 
and fi^^', and also introduce a related quantity called fi^'^'. These invariants will 
be needed to define the constants A„^fc and to prove their positivity on our model 
spaces H^'+i x§"-'=-i. 

The definition of /i^^^ comes from a technical difficulty in the proof of Theorem 
16.11 and is only relevant in the case fc = n — 3 > 3, see Remark 13.41 



3.1. The manifolds H^+i x §""'=-1. For c € R we define the metric ry^+i := 
g2ct^fc _|_ ^^2 Qj^ jjfe ^ jj j^jj^ .^g write 

This is a model of hyperbolic space of curvature — c^. We denote by 

the product metric on E[^+^ x S"^''^^. The scalar curvature of 11^+^ x §"-^^1 is 
ScaF'= = -k{k + l)c2 + {n-k- l){n -k-2). 

Proposition 3.1. U\+^ x g"-*:-! is conformal to S" \ Ef" . 

Proof. Let S*^ be embedded in S" C R""*"^ by setting the last n — k coordinates to 
zero and let s :— d{-,S'^) be the intrinsic distance to S'' in S". Then the function 
sin s is smooth and positive on S*" \ S'^ . The points of maximal distance 7r/2 to S*"' 
lie on an {n - k - l)-sphere, denoted by (S'')^. On §" \ (§'= U {S'')^) the roimd 
metric is 

a" = (coss)V= + ds^ + (sins)2a"-'=-i. 

Substitute s G (0,7r/2) by t e (0,cx)) such that sinht = cots. Then cosht — 
(sins)^^ and coshtdi = — (sins)^^ ds, so a" is conformal to 

(sins)-V" = (sinht)2(7'^ + df + a''-^-\ 

Here we see that the first two terms give a metric 

{sinhtfa^ + dt^ 

on S'^ X (0, oo). This is just the standard metric on Hj^^^"'^ \ {po} where t = d{-,pQ), 
written in polar normal coordinates. In the case fc > 1 it is evident that the 
conformal diffeomorphism §" \ (S'= U {S'')^) -^ (h5;'+^ \ {po}) x §""'=-1 extends to 
a conformal diffeomorphism S" \ S''^ -^ M^+^ x §''-''-\ 

In the case fc = we equip s and t with a sign, that is we let s > and f > 
on one of the components of S" \ (S° U (§'')''"), and s < and t < on the other 
component. The functions s and t are then smooth on S" \ §° and take values 
s e (— 7r/2,7r/2) and t e M. Then the argument is the same as above. D 
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3.2. Definition of A„.fc. Let {N,h) be a Riemannian manifold of dimension n. 
For i = 1, 2 we let J7'-*'(iV, h) be the set of non-negative C^ functions u which solve 
the Yamabe equation 

L''u = fiuP-^ (6) 

for some /i = ij.{u) G K. and satisfy 

• u^O, 

• \\u\\lp{N) < 1, 

. ueL°°{N), 
together with 

• ue L'^iN), for i = 1, 
or 

. M(«)ikiiriw > ^-^^^ar'^ for * = 2- 

For « = 1,2 we set 

n^'\N,h)::^ inf /i(w). 

In particular, if ri^'^(A^, h) is empty then fi'-'^^N, h) — oo. 
Definition 3.2. For integers n > 3 and < fc < n — 3 let 

A^'^. := inf u(^)(H^-+i x §"-'--!) 

' cG[-l,l] 

and 

A„,fc:=niin{Ai^i,Ai^i}. 

Note that the infimum could just as well be taken over c £ [0, 1] since ]HlJ:+^ x 
gri-fc-i ^j^j^ HjJ;^ X §"-^-1 are isometric. We are going to prove that these constants 
are positive. 

Theorem 3.3. For all n> 3 and < fc < n — 3, we have A„^fc > 0. 

To prove Theorem 13.31 we have to prove that A^^ j, > and that A^^ i > 0- This 
is the object of the following two subsections. In the final subsection we prove that 

A„,o = A*(§") = n{n - \)u?,{ . 

Remark 3.4. Suppose that either k<n — A or k — n — S< 2. With similar 
methods as in Section [5] one can show that under these dimension restrictions any 
LP solution of ([6]) on the model spaces is also L^. This implies that A^^ j, > AJ^ j. in 
these dimensions, and hence 



An,fc=Ai^i. 



irfe+1 V cn-fe-l 



In the case fc = n — 3 > 4 there are L^-solutions of ([6]) on H^"*" x §" " ^ which 
are not L^. 

3.3. Proof of A^ J, > 0. The proof proceeds in several steps. We first introduce 
a conformal Yamabe invariant for non-compact manifolds and show that it gives a 
lower bound for n^^' . We then conclude by studying this conformal invariant. 

Let (N, h) be a Riemannian manifold which is not necessarily compact or com- 
plete. We define the conformal Yamabe invariant /i'^"^ of {N, h) following Schoen- 
Yau [101 Section 2], see also [H], as 
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where j'' is defined in ([1]) and the infinium runs over the set of all non-zero com- 
pactly supported smooth functions u on N . If ft, and h are conformal metrics on N 
it follows from ([3]) that fi^°'^{N, h) = h'-°\N, h). 

Lemma 3.5. Let < fc < n — 3. Then 

for all c e R. 

Proof. Suppose that u G f7(i)(H^+i x §"-^=-1) is a solution of §1 on H^+i x §"-^-1 
with /i — ii{u) close to h'^^\M'^'^^ x S"^*'^-"^). Let Xa be a cut-off function on 
]HlJ?+^ X §"-^-1 depending only on the distance r to a fixed point, such that Xa(^) — 
1 for r < a, Xa{r) — ior r > a + 2, and \dxa\ < 1- We are going to see that 

i™, J^^(Xa«) = Mll^^lli;(Hj+ixS"-'=-i) ^ ^'■ (^) 

Integrating by parts and using Equations ([6]) and (|65p we get 

{Xo.u)L^''{Xcu)dv^'' :^ I xluL^-udv^" 



fc+i. 



■S„-fc-i 



JhJ+^xS"-''-! 
-fa/ |dxa|^u^dw'^'=. 

JSupp(dxQ) 

Since u G L^(]HlJf+^ x S"^*^^^) and \dxa\ < 1 the last integral goes to zero as a 
and we conclude that 



Q^OO /wfc+l„H„_fc_l 1^'^(M^ XS ) 



Going back to the definition of J'^" we easily get (O, and Lemma [?31 follows. D 

We define 

Ai^ii^ inf ^(°)(H^ix§"-'=-i). 

Then Lemma [3?5] tells us that Jv^ J. > A^ J,, so we are done if we prove that AJ^ j^ > 0. 
To do this we need two lemmas. 

Lemma 3.6. Let < k < n — 3. Then 

^(o)(]g[fc+i X §"-''^-1) = ^(§"). 

Proof The inequality /i('')(H5^+^ x §"-'=-!) < /i(S") is completely analogous to [H 
Lemma 3]. As we do not need this inequality later, we skip the proof. To prove the 
opposite inequality ^(°)(]Hl5'+^ x S""''"^) > ^(§") we use Proposition O and the 
conformal invariance of i^^^', and we obtain 

^(0)(]g[fe+l ^ gn-fc-l^, ^ ^(0)(g« \ gfe)_ 

Clearly /i'^°^(S" \ S'^) > /i(S") as the infimum defining the left hand side runs 
over a smaller set of functions, see [40l Lemma 2.1]. D 
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Lemma 3.7. Let < k < n — 2 and < cq < a. Then 

2(„-.-l) 

Proof. Let c > 0. Setting s — ct + hic we see that 

Hence G^ is conformal to the metric 

Gc ■— e 4 + ds + c (T 
and by the conformal invariance of fi^^' we get that 



M 



(0) 



(M^'+i X §"-'^-1) = /i(")(R'= X R X 5""'="\GcJ 



for i = 0,1. In these coordinates we easily compute that Seal "" > Seal "^ , 

/ \ n—k—l 

Mwl^ > \du\% , and dv^^o = ( ^ ) dv^"^. We conclude that 

for all functions u on M'' x K x S'"^'''^^ and Lemma 1X71 follows. D 

If we set ci — 1 and use Lemma IXBl together with (HJ we get the following result. 

Corollary 3.8. For cq > we have 

inf ^(•')(H^+i X §"-'^-1) > n{n - l)cj„2/"co''/". 
ce[co,i] 

Finally, we are ready to prove that A^^ j. is positive. 

Theorem 3.9. Let0<k<n-3. Then a|^°). > 0. 

Proof. Choose cq > small enough so that Seal '" > 0. We then have Seal " > 
ScaF'o for aU c e [0, co]. Hence 

fMfc+iv-ar.-fc-i (aM'"lr +ScaF'=ou2) d-y'^'= 
^(")(H^i X S-'^-i) > inf :^^^^^^ \ ^^ ^ . 

By Hebey [T^l Theorem 4.6, page 64], there exists a constant A > such that 
for all c S [0, Co] and all smooth non-zero functions u compactly supported in 



This implies that 

^(o)(]jjfc+i X S"-*^-!) > 1 min {a, Scal'^^o I > o 

for all c G [0, cq], and together with Lemma 13.71 we obtain that 

inf /i(°)(IHi;?+i xS"-'=-i) >0. 
ce[o,i] 
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Since H^'+i x §"^''-1 and H^+^ x §"-^-1 are isometric we have 

A(°1.= inf /i(°)(H*:+i xS"-*^-!) >0. 
"'" ce[-i,i] 

This ends the proof of Theorem 13.91 D 

As an immediate consequence we obtain that A^ j. is positive. 
Corollary 3.10. Let0<k<n-3. Then A^^), > 0. 
3.4. Proof of A'-^I > 0. 

Theorem 3.11. Let0<k<n-3. Then aI'^1 > 0. 

Proof. We prove this by contradiction. Assume that there exists a sequence (c^) of 
Ci e [-1, 1] for which fii := ^(^)(IHI^+^ x S"~''~i) tends to a Umit Z < as i ^ 00. 
After removing the indices i for which fii is infinite we get for every i a positive 
solution u, G fi2(ifjfe+i X S^-k-i^ of the equation 

rGr P-1 

L "'Ml = HiU'^ . 

By definition of f7(2)(H^+i x §"-'=-!) we have 

8(71-2) -^ " "^ ' ^ ' 

which implies that fj,i > 0. We conclude that I := limj Hi = 0. We cannot assume 
that II Uj 11^30 is attained but we can choose points x, G 11^^+^ x §"-'=^-1 such that 
Ui{xi) > ^ll'^illi""- Moreover, we can compose the functions Ui with isometries so 
that all the Xi are the same point x. From ([5]) we get 

1 /(n-fc-2)2(n-l)\^ , , 



2 V 8(n - 2)^, 

We define mi := Wi(x). Since linii^oo /ii = we have linii_>oo TOj = 00. Restricting 
to a subsequence we can assume that c := linii c; e [~ljl] exists. Define 5^ := 

mf^Gc,. We apply Lemma O with a = 1/i, (F,7a) = H^'+i x S"-''-!, (l/,7o) = 

2 

M^"^-"^ X S^^~^'~^, q^ — Xi — X, and 6^ = ^^r~^ • ^^^ r > we obtain diffeomorphisms 

e, :B"(r)^B'^=^(x,m7^r) 

such that the sequence OKffi) tends to the flat metric ^" on B'^{r). We let u^ := 
m^^Ui. By ([2]) we then have 

2 

on B'=i{xi,ni^ "^^ r) and 

JB°'=i{xi,m. "~^r) JB'^''i{xi,m. "~^ r) 

Jn 

< 1. 
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Here we used dv^' — ttt,^ dv "^ . The last inequality conies from the fact that any 
function in ri(^)(]HI^+^ x S"^'''^^) has L^-norm smaller than 1. Since 

e, : (B"(r),e*(5.)) "> (i?«=' (x, m^^r), g,) 
is an isometry we redefine Ui as Mi o 0j which gives us solutions of 

on B^^{r) with ^ g-ni^-^u^ dv^^^^''^ < 1. Since ||ui||/^oo(B"(r)) — Ui{0) = 1 we can 
apply Lemma l¥^ with V = R", a = 1/i, ga = 8*(gi), and Ua = Ui (we can apply 
this lemma since each compact set of M" is contained in some ball B"(r)). This 
shows that there exists a non-negative C^ function u on R" which does not vanish 
identically (since u(0) ~ 1) and which satisfies 

where /I = 0. By p2)) we further have 



vP dv^" = hm / 2 M? rfw'^=' < 1 

for any r > 0. In particular, 



"(r) ^~*^JB°''i{x,m. "^-"r) 



Lemma [4.31 below then implies the contradiction = /2 > niS"")- This proves that 

('2') 

A^ jj is positive. D 

3.5. The constants A„^o- Now we show that A„^o — m(§") — "■("■ ^ l)w„ . The 
corresponding model spaces H;!. x S"^^ carry the standard product metric dt"^ + 
a""-^ of R X §"-1, independently of c g [-1,1]. Thus A^*{, = ^(*)(R x §""!). 
Proposition 13.11 vields a conformal diffeomorphism from the cylinder R x §"~^ to 
§" \ S°, the n-sphere with North and South pole removed. 

Lemma 3.12. 

A« <MS")-"("-iK/" 

fori^ 1,2. 



Proof. We use the notation of Proposition 13.11 with fc = 0. Then the standard 
metric on S*" is 

cr" = (sins)2(di2 + ^n-1) ^ (cosht)-^ [dt^ + a''-^). 

It follows that (cj„)^^/"(cosht)^^((it^+o'"^^) is a (non-complete) metric of volume 1 
and scalar curvature n{n - l)^^/" = ^(S") on Hj x §""1 = R x §""1. This is 
equivalent to saying that 

"-2 „-2 

u(t) :== cjn ^" (coshf) 2 
is a solution of JD) with fi ~ m(^") ^-i^d ||u||lp = 1 on H;i x §"^-^. Clearly we have 
u e L2, and ||u||loo = ujn^ < oo. Thus u £ fi(i)(Hi x §"-i). This implies 

a(1) ^ / 1^ 2/n 

Further, we have 

iP-2_„,„ ,,^ (n-0-2)2(n-l) 



liiS'')\\u\\l'J = n{n-l)> 



8(n - 2) 
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and thus u e rj(2)(Hi x §"-i) which imphcs A^^l < n{n - l)ujf/". D 

Lemma 3.13. LetueC'^{RxE,''-^) be a solution of 1^ onRxS''-'^ with\\u\\LP < 
l,u^O. Then 11 > m(S")- 

Proof. As above a"^ = {s\n sf {dt^ + a'^^^) . If u solves © with h = dt^+cr""^ then 
u '■= (sins) 2— u solves 

Further vP dv'^ — u^ dv'\ hence ly ;= ||M||Lp(S"\so,cr") < 1- For a > we choose 
a smooth cut-off function Xa ■ S^ ^ [0, 1] that is 1 on S*" \ Ua{S'^), with support 
disjoint from 5''^, and with Idxlo-" < 2/a. Then using (j65p in Appendix [Cj we see 
that 

/ {Xa'u)L"' {xau)dv'^ ^ fi vFxl.d'"" +a I \dx\l^u^ dv"^ . 

The first sunimand tends to ^v^ as a — > 0. By Holder's inequality the second 
summand is bounded by 

as a — > 0. Together with liniQ^o \\Xau\\LP[S"\S°.<j^^) = J^ we obtain 

m(§") < y\xc.u) -> ^JivP~^ < ^ 
as a ^ 0. D 

This lemma obviously implies A„ q > /i(§") for i = 1, 2, and thus we have 

a„,o = aW=a(2|, = M§")- 

3.6. Speculation about A„_fc for fc > 1. We want to speculate about two relations 
that seem likely to us although we have no proof. Conformally, the model spaces 
HJ:+^ X S"-*^-! can be viewed as an interpolation between ]R'^+^ x S"-*^-! (for 
c = 0) and the sphere §" (for c — 1). Since the sphere has the largest possible 
value of the conformal Yamabe invariant we could hope that the function c <—> 
^(o)(']g[fc+i X §"~'=~i) is increasing for c e [0, 1], or in particular 

for all c G [—1, 1]. This would imply 

A„,fc = ^(")(R'^'+i xS"-*^-!). 

To formulate the second potential relation we define the following variant of 
^{o)(js[k+i X §"-fe-i): 

f^^°lM^' X S"-^-) := inf{ J«=(«) I u e Co-(H^i)}. 

Here J*^"^ is the functional of ]HlJ:+^ x S"^'^^^, but we only evaluate it for functions 
that are constant along the sphere S"~''~^. We ask, similarly to the Question 
formulated in [21 Page 4], whether 

/xi°2+i(rf+i x §"-'=) = /i(")(rf+i X 8"-'=^). 

It seems likely to us that the answer is yes, if and only if \c\ < 1. 

An affirmative answer for \c\ < 1 would imply, using a reflection argument, that 
we can restrict not only to functions that are constant along the sphere, but even 
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to radial functions. Here a radial function is defined as a function of the form 
u{x,y) = u(rf^= (x)) where d^'^ (x) is the distance from x to a fixed point in 
■jgjfc+i rp]-^g constants A„^fc could then be calculated numerically. For example we 
would obtain 

A4a ==m^°)(]R2 x§2) =59.4... 

and thus (t(5^ x 5*^) > 59.4 . . . , which should be compared to /i(S'') = 61.5 . . . and 
m(§2 x§2) = 50.2... 

4. Limit spaces and limit solutions 

In the proofs of the main theorems we will construct limit solutions of the Yamabe 
equation on certain limit spaces. For this we need the following two lemmas. 

Lemma 4.1. Let V be an n-dimensional manifold. Let (qa) be a sequence of 
points in V which converges to a point q as a — > 0. Let (ja) be a sequence of 
metrics defined on a neighborhood O of q which converges to a metric 70 in the 
C^{0) -topology. Finally, let (ba) be a sequence of positive real numbers such that 
linia^o ba = 00. Then for r > there exists for a small enough a diffeomorphism 

e^:B'Hr)^B^-{q„,b^^r) 

with Oa(0) = qa such that the metric Q^ib'^'ya) tends to the fiat metric ^" in 
C^{B"{r)). 

Proof. Denote by exp^° : Ua -^ Oa the exponential map at the point q^ defined 
with respect to the metric 7^. Here Oa is a neighborhood of qa in V and Ua is a 
neighborhood of the origin in K" . We set 

e„ : B"(r) 9 X ^ exp^°(6^ix) e ^^"(fc,^-^). 

It is easily checked that 0„ is the desired diffeomorphism. D 

Lemma 4.2. Let V be an n-dimensional manifold. Let (ga) be a sequence of 
metrics which converges to a metric g in C^ on all compact sets K (Z V as a ^ 0. 
Assume that (Ua) is an increasing sequence of subdomains ofV such that IJ^ Ua = 
V. Let Ua G C'^{Ua) be a sequence of positive functions such that \\ua\\L°°(Uc) *'^ 
bounded independently of a. We assume 

LS^Ua^tiaUi-^ (9) 

where the ^a are numbers tending to jl. Then there exists a non-negative function 
u € C^(y), satisfying 

L^u = fluP-^ (10) 

on V and a subsequence of Ua which tends to u in C^ on each open set Q. <zV with 
compact closure. In particular 

II"IIl~(K) = lim ||Wa||L~(K), (11) 

and 

' u'' dv^ = lim / ul dw»° (12) 

for any compact set K and any r > 1. 
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Proof. Let K he a. compact subset of V and let fl be an open set with smooth 
boundary and compact closure in V such that K C fl. From equation ([9]) and the 
boundedness of ||uq||oo we see with standard results on elliptic regularity (see e.g. 
[TBj) that (mq) is bounded in the Sobolev space i/^'^"(f7, (7), i.e. all derivatives of 
Ua\n up to second order are bounded in L^"(f7)). As this Sobolev space embeds 
compactly into C^{fi), a subsequence of (uq) converges in C^{i^) to a function 
yO g; (7i(j7)^ n^^ > 0, depending on il. Let (p G C°°{fi) be compactly supported 
in Q. Multiplying Equation ([5]) by (/3 and integrating over Q, we obtain that u^ 
satisfies Equation pTI)) weakly on fl. By standard regularity results u^ E C'^{il) 
and satisfies Equation (|10p . 

Now we choose an increasing sequence of compact sets K„i such that lj„j Km — 
V. Using the above arguments and taking successive subsequences it follows that 
(ua) converges to functions Um S C^iKm) which solve Equation (llOp and satisfy 
Um > and Um|/f,„_i = u,„_i. We define u on V by u = Um on Km- By taking 
a diagonal subsequence of (ua) we get that (uq) tends to u in C^ on any compact 
set K C V. This ends the proof of Lemma [4?2l D 



The next Lemma is useful when the sequence of metrics in Lemma 14.21 converges 
to the flat metric C" on K". 

Lemma 4.3. Let ^" be the standard flat metric on M" and assume that u E C^(R"), 
u > 0, u ^ satisfies 

L^'^u = nuP-^ (13) 

for some /i G M. Assume in addition that u G ^^(R") and that 

||m||lp(K") < 1- 
Then fi> Ai(§"). 

Proof. The map (^ : K. x §"~^ -^ M" \ {0}, Lp{t, x) = e'a;, is a conformal diffcomor- 
phism with 

at + (T = e </? 4 ■ 

Thus if u is a solution of ([T3|l . then ii :— e^^^^^^^^uoip is a solution of L''* ^'^ u = 
fivJ'~^ and llwlliPfRxS"-!) = ||w||lp(R") !i 1- The result now follows from Lemma 

Km a 

5. L^-ESTIMATES ON WS'-BUNDLES 

Manifolds with a certain structure of a double bundle will appear in the proofs of 
our main results. In this section we derive L^-estimates for solutions to a perturbed 
Yamabe equation on a VF5-bundle. 

5.1. Definition and statement of the result. Let n > 1 and 0<A:<n — 3be 
integers. Let M^ be a closed manifold of dimension k and let / be an interval. By 
a WS-bundle we will mean the product P := I x W x S'^~^~^ equipped with a 
metric of the form 

gws - dt" + e^^^'^t + ^r""'-^ (14) 

where ht is a smooth family of metrics on W depending on t G / and (p is a function 
on /. Let TT : P ^ / be the projection onto the first factor and let Ft := 7r~^(t) = 
{t}xW X 5"-'^-^ The metric induced on Ft is gt ■= e^'^'-^'^ht + a"''''\ Let Ht 
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be the mean curvature of Ft in P, that is Htdt is the mean curvature vector of Ft. 
The mean curvature is given by the foUowing formula 

Ht^ ^—^'{t)-e{ht) (15) 

n — 1 

with e{ht) '■— ^trfi_^{dtht). Clearly, e{ht) = if < i-^ /ij is constant. The derivative 
of the volume element dv^* of Ft is 

dtdv^* =-{n- l)Htdv<^K 

It is straightforward to check that the scalar curvatures of t^-yvs and ht are related 
by (see Appendix |B] for details) 

ScaF™=^ = e-^^(*)Scal''' + {n - k- l){n- k -2) 

- k{k + lW{tf - 2kip"{t) - (fc + l)^'{t)iY{h^^dtht) (16) 

+ hviih^^dthtf) - Urihi'dthtf - truMht). 

Definition 5.1. We say that condition {At) holds if the following assumptions are 
true: 

1.) t i—f ht i& constant, 

2.) e-2'^(*) ini^ew Seal'*' (x) > -^^^a, , . . 

3.) W(t)\<\, ^^*^ 

4.) Q<-2kip"(t)<\(n-\){n-k-2f. 

Similarly, we say that condition (Bf ) holds if the following assumptions are true: 

1.) i 1-^ (y9(t) is constant, 

2.) inf^rei., ScaF"^(a;) > iScar""'"' =i(n-fc-l)(n-fc-2), {Bt) 

2 -te(/it) > -^( 



3.) ^^^e(htf^^dte{ht)>~Mn-k-2) 



Let P be VFS'-bundle equipped with a metric G which is close to s'ws in a sense 
to be made precise later. Let a, /3 G M be such that [a, /?] C /. Our goal is to derive 
an estimate for the distribution of i^-norm of a positive solution to the Yamabe 
equation 

If we write this equation in terms of the metric gws we get a perturbed version of 
the Yamabe equation for 5ws- We assume that we have a smooth positive solution 
u of the equation 

Lsw^u = alSP^^'u + ScaF*^u = [ivF^^ + d* A{du) + Xw + edtu - su (17) 

where s,e e C°°{P), A e End(r*F), and X e r{TP) are perturbation terms 
coming from the difference between G and gws- We assume that the endomorphism 
A is symmetric and that X and A are vertical, that is dt{X) — and A{dt) — 0. 



Theorem 5.2. Assume that P carries a metric gws of the form p4|) . Lei a, /3 £ M 
&e SMc/i f/iaf [a,/3] C /. Assume further that for each t € I either condition {At) 
or condition {Bt) is true. We also assume that u is a positive solution of (J17p 
satisfying 

l,p_2 ^ (n-fc-2)^(n-l) 
(n-2) 



A^II-lir^P) ^ ' lZ':r ' ■ (18) 
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Then there exists cq > independent of a, [3, and ip, such that if 

\\M\l°°(P)i \\X\\l°°(p)i \\s\\l^(p), ||e||L~(p), l|e(ft.t)||L~(p) < co 
then 

y2 ^^gws < ^Ml^ (yoiS„ (^^) _^ yoF" {Fp)) , 
7r-i((a+7,/3-7)) n-k-2 

where 7 :— ^^„ . 

Note that this theorem only gives information when /3 — a > 27. 

5.2. Proof of Theorem 15.21 For the proof of Theorem l5.2l we need the following 
lemma. 

Lemma 5.3. Suppose T is a positive number. Let w : [—T — 7, T + 7] ^ M be a 
smooth positive function satisfying 



..II I 



w 



it) 



1 
Then 



w(t)>^. (19) 



T 

wit)"" dt<^ (w(T + 7)™ + w(-T - 7)") (20) 

_rp m 



for all m > 1. 



Proof. Assume that w\[-T-'f,T+j] attains its minimum in to. Since w" > w/^'^ > 
we have w'(t) > for i e {to, T + -f), and w'{t) < for i e (-T - 7, to). We first 
study the case when to e {—T,T). We define W{t) := w{t) + ^w'{t). As w and w' 
are increasing we get 

/■T+7 

W{T)=w{T)+ / w'{T)dt 
Jt 

rT+^ (21) 

<u;(r)+ / w'{t)dt ^ ' 

JT 

= w{T + 7). 

From HH) we see that W'{t) > W{t)/-f, or dt\nW{t) > I/7. Integrating this 
relation between i G {to, T) and T we get 

W{t) <e-^W{T). 

Using that w < W^ on (to, T) together with (|2ip we obtain 

w{t) < W{t) < e~^w{T + 7), 

and hence 

«;(t)™ <e~™^u;(T + 7)'" 
for all t G [to, T] and m > 1. Integrating this relation over t e [to, T] we get 

/•T 7(1 -e""^) 7 

/ w{t)"'dt<-^ '-w{T + -/)"" <^w{T + -/)"". (22) 

Jto "^ "^ 

Similarly we conclude that 

w{t)'^dt<^w{-T-j)'". (23) 

m 
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This proves relation ([20]) in this case. In the case that to < —T relation ([22|) remains 
valid. Using 

w{tY'dt< f wity^dt 

Jto 

and 

w{T + 7)™ < w[T + 7)"^ + w{-T - 7)™, 

we obtain relation ([20|) . We proceed in a similar way using ((23|) in case tg > 2^- 
This ends the proof of Lemma 15.31 D 



Proof of Theorem \5.°A The Laplacian A^™^ on P is related to the Laplacian A^' 
on Ft through the formula 

A9WS ^ ^St _„ q2 + („ _ l)Htdt, 

so 

uA5"=5udi;S* = / (uA»'w-u(92u) + (n- l)Htu((9tu)) du^' 

Ft JFt 

(Idvcrtup - u{d^u) + {n- l)Htu{dtu)) dvs\ 

Ft 

Together with (fT7|) we get 

a I udfudv^* ^ / (a|dvcrtM| + a{n — l)HtudtU 

J Ft J Ft ^ 

- {d^cTtu, A(dvortw)) - uXu - eudtu 



+ (Scal^"^ + s)u^ - ^iuA dv^' 



In the following we denote by 6{co) a positive constant which goes to if cq tends to 
and whose convergence depends only on n, /i, and h. We set St '■= mip^ ScaF^^. 
If we use the inequality 2/1061 < J{a^ + 6^) to simplify the terms involving X and 
e we obtain 



a / udtudv^* > ( (a — <5(co)) Invert up + a(ri — l)HtudtU 

J Ff J Ft 

- 5(co){dtuf + {St - 5{co))u' - iiuP'^ dvs*. 
If Co is small enough so that a — S{co) > we conclude that 
a I (ud^u ~{n~ l)Htu{dtu)) dv^' > {St - S{co))w{tf 

(s{co){dtu)^+fiuP)dv<' 



Ft 



'Ft 

We define 

w{t):=\\u\\L2^p^^= (j u^dvs^ 
Differentiating this we get 

2w'{t)w{t) =dt [ u^dv^' 

J Ft 



(24) 



1/2 



Ft 



(2u{dtu) -{n- l)Htu^) dv^K 



(25) 
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We now assume that {At) holds. Then (fTS]) tells us that 

n — 1 

so (PSJ) becomes 

k 
u(dtu) dw"' + 

'Ft ^ 

We differentiate this and obtain 

w' {tf + w" {t)w{t) ^ f {dtufdva* 
Jpt 

+ I (udfu - (n - l)Htudtu] dv^* 
+ -ip"{t)w{tf + kip'{t)w'{t)w{t). 



w'{t)w{t)^l u(dtu) dv^' + '-if' {t)w{tf . (26) 



From ([24]) we get 



w'{tf+w"{t)w{t)> (l-^-^\ f {dtufdv<^' 



Ft 

+ Q {St - 5{co)) + ^^"(i)) w{tf (27) 

-- / iiuPdv<^^ +kip'{t)w'{t)w{t). 

"■J Ft 



We now use (pS)) to get 

w{tf I {dtufdvs* > f f u{dtu)dvsA 



k ^ ^ 

w'{t)w{t) - -^'{t)w{tf 



2 



'Ft 

From assumption (fT8|) it follows that 



(5tw)2d«S'> L'(t)-^v"(i)u;(t)') . (28) 



/^ f .,Pd„9*< (!i_^^l!^(i)2. (29) 



32 

Inserting (gS]) and (HI]) into (gll) we obtain 

w'{tf + w"{t)w{t) >(l- ^] (w'{t) - '^v^'{t)w{t) 
+ f^{St-6{co)) + ^ip"{t)\w{tf 



^" 32 ^^' Mtr + k^'{t)w'{t)w{t), 
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or after some rearranging, 



a \ 2 

+ Q (5, - s{co)) + \^"{t) + ^^\tr ^^^^^-^) n^it) 



.. . o^2x ^ (30) 



Next we estimate the coefBcient of w{t)'^ in the last hne of (|30p . We denote this 
coefficient by D. Using P^ and assumption 1.) of (At), which teUs us that 
e{ht) = we get 

D=- (e-2¥'(*)Scal'" - k{k + l)ip'{t)^ - 2kip"{t) + {n - k ~ l){n - k - 2)] 

_ ^(f£) + ^^"(,) + ^^'(i)2 _ in-k-2r 
a ^ 2^ ^ ' 4^ ^ ' 32 

= ie-2'P(*)Scal''' + -{{n-k-l){n-k-2)~ S{co)) + —^-—y it) 
a a 2[n — 1) 

From assumptions 2.) and 3.) of {At) we obtain 

D > - "'^'^ + i ((„ - fc - l)(n - fc - 2) - <5(co)) + — A^^"(i) 
32 a 2(n — 1) 

k , , „, {n-k-2f 
-(n-fc-2)- ^ ^ 



4(n-l)' ' 32 

^ 4(;^ (^"^ " ^^(" - A; - 2)2 + 2V'W) 
n-A:-2 (n - fc - 2)^ 8[cq) 
32 32 ~' 

Using 4.) of {Ai) and ?i — fc — 2 > 1 we further obtain 

1 (\ 



^^ 4(^131) ^2("-l)(--^- 2)^ 

(n-fc-2)2 (n-fc-2)2 (5(co) 
32 32 a 

_(n-fc-2)2 <5(co) 



16 
Inserting this in ((511)) we get 



a \ 2 



(n-fc-2)2 _ ^- 
16 a 



a 



2^fc2^ (n-fc-2)2_^^ 

a 4 16 a 
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where we also used the elementary inequality (a — 6)^ < 2a} + 26^. Again using 
assumption 3.) of {At) we conclude 



ii(^\ n\ ^ 2(S(co) ,,^,2 



w"{t)w{t) > '-^w'{t) 

a 



{n-k~2f 6{co) ( P 



^2 A,'^„^ / i.2\\ ^^1 



Fix a small positive number J. Choose cq small so that S{ca) is also small. Then 
(ED tells us that 



u;"(i)u;W > ^" 3^ ^^' ^W^ - ^u;'(t)^ (32) 



Define w(i) := w{ty^^ . This fmiction satisfies 



w"(i) == (1 + S)w"{t)w{t)^ + 5{1 + 6)w'{tfw{ty-^ 

k- 
"32" 



>(i + 5)i!^4r^^W'+' 



^ {n-k-2f 

^ 32 "^')- 



Next we assume that (i?t) holds. Then (fT5)) becomes 

-ff* = -e(/it), 
and from (|25p we get 



v'(t)w{t)= I (u{dtu) + '^^-^e{ht)u'\ dv3\ (33) 



Differentiating this we get 

w'{tf + u;"(t)w(t) = / I {dtuf + {n- l)e{ht)udtu 



Ft \ 

2 



^^^^-^e{htf + I^a,e(/.,)) uA dv^^ 



{ud^u - (n - l)Htudtu) dv^K 

Ft 
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Next we use (f24|) followed by assumptions 2.) and 3.) of (Bt) to obtain 



w'{ty + w"{t)w{t) > / {dtuY + {n- l)e{ht)udtu 



+ ( ^^^r^e(/iO' + "^dMht) ] u^ 



a ^ I 

\St - 5{co))w{tf 
a 



> I ((l- ^-^\ {dtuf + {n - l)e{ht)udtu - -vP\ dv^' 
+ [^in^k~l)in~k~2)~^in~k~2)~^-^']wity 



From ((29)) we further get 



w'ity + w"{t)w{t) > ( ( 1 - ^^ J {dtuY + {n - l)e{ht)udtu 1 dv^* 

} 1 3 

+ ( 2^^" " ^ " ^^^" - fc - 2) - -(n - fc - 2) 

62 a / 



> / ( ( 1 '^^°) 

F, 



{dtuf + {n - l)e{ht)udtu\ dv^' ^^'^^ 



1 ^„ ,. o^/„ L o/o^ ^(co)^,.,,,^2 



+ ( ^(n - fc - 2)(n - fc - 3/2) - ^ ) «;(i) 



> / 1 _ ^Jd£ (dtuY + {n~ l)e{ht)udtu dv^' 



'32^ '64: a ' ^ ' 
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We set Et := sup^^ |e(/it)| and use (ISS]) to compute 



;(t)2 / (dtu)^ dv3' >( f u{dtu) dv^' 

JFt \JFt 



= ['w'{t)w{t) - 



n-\ 



Ft 



e{ht)u^ dv^* 



= {w'{t)w{t)f+"' ^ 



e{ht)u^ dvS' 



Ft 



- (n - l)w'{t)w{t) / e{ht)u^ dvS* 

JFt 



~{n~ l)\w' {t)\w{t) / \e{ht)\u^ dv^' 

JFt 



{n-l)Et\w'{t)\w{tf 



Next we divide by w(t)^ and obtain 



JFt 



[dtufdv^^ >w'{tf 



71-1 



E'iw{tf - (n - l)Et\w' {t)\w{t) 



//'+^2 



> w'{t) 



" ^'^\^^Mtf-%lE,{w'(tf + w{tf) 



l-%lEAw'{tf 



n ~ \ 



-Et 



n — 1 



E', w{t)' 



(35) 



Also 



/ e{ht)udtu dv^* 

JFt 



< I \e{ht)udtu\dv<>* 

Ft 

<Et I \udtu\ dv^' 

JFt 



<-Et / {u^ + {dtuf) dvO\ 



n — 1 



{n-l)e{ht)udtudvO' > --Et / {i? + {dtuf) dv 



(36) 



'Ft ^ JFt 

Fix a small number (5 > 0. We insert ([55)1 and ([55]) in (|34p and choose cq small 
enough so that 5(co) and -Et are small. Then we get that wit) satisfies the same 
inequality ([32]) as we obtained under the assumption (A(). We have showed that 
in both cases {At) and [Bt) the function v(t) — w{tY^^ satisfies 

v"(t) > z;(t)/7^ 
since („_f_2). = 7'- 
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Now we apply Lemma [5731 to the function v{t) :— v{t + ^^^) with T = l-^ — 7 

and m = — j . From this we obtain 

1+0 

— (v(T + -f)"" + v(~T ~ -/)"')> [ i-^dt. (37) 

m J_rp 



^+<dt 



We further have 


















/ 


■T 

-T 


dt-^ 


•' 2 


-7 
+7 


(- 


,(1+^))" 


(" 


We set s = 


= t+'t 


^ and 


we 


obtain 


















ly 


'di 


= 


/•/3-7 
Jcx+t 


ds. 



From the definition of w we obtain 

i-T 



T J7r-i((Q+7,/3-7)) 

In addition, we have 

{v{T + br +i{-T-b)'^)= f u^dvS"+ [ u^dv^'^ 

J Fa J Fu 

<ll"llioo(P)(Vol^°(^a)+Vol^''(F0)). 

Choosing 5 small we may assume m > \f2. This together with ([37]) and 7 = y_^_2 
gives us 

y2 ^^sws < "^H"!!^- (Vol9° (i^„) + VOF^ (i^^)) . 

7r-i((a+7,/3-7)) n~k — 2 

This proves Theorem 15.21 D 



6. Proof of Theorem 11.31 

6.1. Stronger version of Theorem 11.31 In this section we prove the following 
Theorem 16.11 By taking the supremum over all conformal classes Theorem 16.11 
implies Theorem 11.31 



Theorem 6.1. Suppose that (Mi, gi) and {M2,g2) are compact Riemannian mani- 
folds of dimension n. Let N be obtained from Mi, M2, by a connected sum along W 
as described in Section\^ Then there is a family of metrics ge, 9 € (0,6*0) on N 
satisfying 

min{^(MinAf2,.gin52),A„,fc} < liminf /i(7V,50) 

< limsup/i(7V,5e) < Ai(^-^i U ^^^2,51 U52). 

In the following we define suitable metrics gg , and then we show that they satisfy 
these inequalities. 
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Hierarchy of parameters 




i?max >i?o>6'><5o>e>0 




We choose parameters in the order i?,„ax, Rot^^iSq^Ao. We then set e : 


= e-^oSo. 


This impUes \t\ — Ag <^ ri — Sq- 





Figure 1 . Hierarchy of parameters 

6.2. Definition of the metrics gg. We continue to use the notation of Section[51 
In the foUowing, C denotes a constant which might change its value between hues. 
Recall that {M,g) = (Mi lIM2,gi hi (72)- For i = 1, 2 we define the metric hi as the 
restriction of g^ to W/ = ^^(W^x {0}), and we set h := hiJIh2 on W = W{UW2. As 
already explained, the normal exponential map of W' C M defines a diffeomorphism 

W,:WX B"-'=(i?„,ax) ^ t/,(i?n,ax), * = 1, 2, 

which decomposes C/(i?max) = f/i(-Rmax)Ut^2(^max) as a product VF'xi?"~''(i?max)- 
In general the Riemannian metric g does not have a corresponding product struc- 
ture, and we introduce an error term T measuring the difference from the product 
metric. If r denotes the distance function to W , then the metric g can be written 
as 

g = h + C^'' +T = h + dr^ + r^a"-''-'^ + T (38) 

on C/(i?,„ax) \W' ^W X (0, i?,„ax) X S''-''-'^ . Here T is a symmetric (2, 0)-tensor 
vanishing on W' (in the sense of sections of {T* M (g) T* AI)\\y') ■ We also define the 
product metric 

g' ■■= h + e"-'-' = h + dr^+ rV"-'=-\ (39) 

on C/(i?max) \ W . Thus g = g' + T. Since T vanishes on W' we have 

\T{X,Y)\<Cr\X\g,\Y\g, (40) 

for any X,Y E T^M where x £ f/(-Rmax)- Since T is smooth we have 

\iVuT)iX,Y)\<C\X\,,\Y\,,\U\g,, 
and 

\{Vly)TiX,Y)\ < C\X\g,\Y\g,\U\g,\V\g,, 

for X, Y,U,V £ T^M. We define Ti := T|m, for i = 1, 2. 

For a fixed Rq e (0,i?max), -Ro < 1 we choose a smooth positive function F : 
M\W' ^M. such that 

p,, ^ f 1, if X € M, \ C/,(i?„iax); 

^^^ " \r,(a;)-i, if x G [/.(i?o) \ W''- 

Next we choose small numbers 6*, (5o G (0, i?o) with 6* > (5o > 0. Here "small" 
means that for a given small number 6 we choose a number i^o = ^o(^) G (Oi^) 
such that all arguments which need Sq to be small will hold, see Figure [1] For any 
9 > Q and sufficiently small Sq there is Ag g \0~^ , ((5o)~^) and a smooth function 
/ : U{Rnia.x) ^^ K depending only on the coordinate r such that 

i-lnr{x), ifa;eC/(i?„,ax)\C/(0); 
I InAg, ifxeUiSo), 
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t — ±{hir — Ine) 



n = i 



n 



n = So ^1 — f^ r2 = 6a r2 
?'2 = e 



r2 = l 



Figure 2. The function / 



and such that 



df 



dr 



df 



d{lnr) 



< 1, 



and 



d_( d[_ 
dr \ dr 



d'f 



(i^(lnr) 







(41) 



as 6*^0. See Figure [21 

We set e = e~^''SQ. We can and will assume that e < 1. 

Let N be obtained from M by a connected sum along W with parameter e, as 
described in Section [2 In particular, U^ (s) = {U{s) \ U{e)) /~ for all s > e. On 
the set f7g^(i?max) = (t/(-Rmax) \ U{€)) /~ wc define the variable t by 



t := 



- In ri + In e, on Ui (i?max) \ Ui (e) ; 
In r2 - In e, on U2 (i?max) \ U2 (e) . 



Note that t < on f/i(i?max) \ Ui{e) and i > on t/2(i?max) \ f/2(e), with t = 
precisely on the common boundary dUi{e) identified with dU2{e) in N. It follows 
that 



r, = el*l+i'" 



ee' 



We can assume that t : U^ {R-axa-x) -^ 
have 

F{x 

for X e C/(-Ro) \ C^^(^), or in other words if \t\ + Ine < lni?o- Then Equation 
tells us that 



is smooth. Expressed in the variable t we 

1*1 



e-ie- 



F'g 



-2\t\ 



{h + T) + dt^ + a 



n-k-l 



on U{Ro) \ U^ (9). If we view / as a function of t, then 
fit) 



-|t|-lne, if In^-lne < |t| <lniT!n 
\nAg, if \t\ < In^o-lne; 



ln« 
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9t = 9 



9^ = F^9 



gn k i j^g^g constant length 



Figure 3. The metrics gs 



and \df/dt\ < 1, \\(fflde 



0. We choose a cut-off function x 



^ [0, 1] 

such that X = on (— oo,— 1], \dx\ < 1, and x = 1 on [l,oo). With these choices 
we define 



9e 



Alx{t/Ag){h2 + T2) + Alii - x{t/Ae)){hi + T,) 



dt^ 



jn—k—l 



on M,\U,{0y, 
onU^{9)\U,{So); 

on t/f (Jo). 



On U (Rq) we write gg as 



9e 



= e^f^*^ht + df + a"-^-^ + T*. 
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where the metric ht is defined by 

ht := x(tMe)/i2 + (1 - x{tlAe))hi, 

for i G R, and where the error term Tf is equal to 

ft := e2/(*) {x{tlAg)T2 + (1 - xit/Ae)) T,) . 

See also Figure [31 On U^{Rq) we also define the metric without error term 

g'e - 9e~ft= e^f'^'^ht + dt^ + a"-'^-i. (42) 

An upper bound for the error term Tt will be needed in the following. We claim 
that 

\X\,.<Ce'f'^'^X\,, (43) 

for X £ TxN , where g' is the metric defined by ([55)) . To prove the claim, we 
decompose X in a radial part, a part parallel to W , and a part parallel to S*"^*^^^. 
This decomposition is orthogonal with respect to both g' and g'g. For X = M^ = 
±eel*l|: we have that 1 = \X\g,^ and \X\g, = eel*l < e'^f*) since J{t) < -\t\ - Ine. 
The argument is similar if X is parallel to S"~^~^. If X is tangent to W , then 
\X\g = \X\h < C\X\f^^ < Ce--^(*)|X|g/ , and the claim follows. 
The Relations ^ and ([43|) imply 



\Tt{x,Y)\ <Ce2^(*)|r(x,r)| 

<Ce^f^'^r\X\g,\Y\g, 
<Cr\X\g,\X\g, 
for all X, Y. In other words this means 

\ft\g'^ <Cr = Ceel*l < Ce-f^*\ (44) 

Further, one can calculate that 

|Vr4, < Ce-/«, (45) 

and 

|V2f4, <Ce-/W. (46) 

Here V denotes the Levi-Civita-connection with respect to g'g. In particular we see 
with Corollary [X2] 

IScaF" - ScaF^I < Ce'^^'l (47) 

6.3. Geometric description of the new metrics. In this subsection we collect 
some facts about the geometry of F^g and g'g introduced in the previous subsection. 
Most of the results are not needed for the proof of our result, but are useful to 
understand the underlying geometric concept of the argument. We will thus skip 
most of the proofs in this subsection. 

The first proposition explains the special role of IEll'^+^ x S"^'^"^. 

Proposition 6.2. Let xi be a sequence of points in M \ W , converging to W . 
Then the Riemann tensor of F^g in Xi converges to the Riemann tensor of W^^^ x 
gn-fc-i^ T/ie covariant derivative of the Riemann tensor of F^g converges to zero. 
For any fixed R > these convergences are uniform on balls (with respect to the 
metric F'^g) of radius R. 
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It follows that for any fixed R > the balls {B^ ^{xi, R),Xi, F^g) converge to a 
ball of radius R in ]Hl'"'+^ x g"-*^-! in the C^'"-topology of Riemannian manifolds 
with base point. This topology has its origins in Cheeger's finiteness theorem |llj 
and in the work of Gromov [M], [15]. The article by Petersen |34j Pages 167-202] 
is a good introduction to the subject. 

In the limit r — > (or equivalently t —^ oo) the VF-component of the metric 
F^g grows exponentially. The motivation for introducing the function / into the 
definition of ge is to slow down this exponential growth: the diameter of the W- 
component with respect to gg is then bounded by ^ediam(W, 5), where diam(VF, g) 
is the diameter of W with respect to g. This slowing down has to be done carefully 
in order to get nice limit spaces. The properties claimed for / imply the following 
result. 

Proposition 6.3. Let Oi be a sequence of positive numbers tending to zero, and 
let Xi e U^ (Rmax) be a sequence of points such that the limit c := lim(^/)(t(a;i)) 
exists. Then the Riemann tensor of gg. in Xi converges to the Riemann tensor of 
H^"'""'^ X S"^''""^. The covariant derivative of the Riemann tensor of gg. converges 
to zero. For any fixed R > these convergences are uniform on balls (with respect 
to the metric gg-) of radius R. 

From this proposition it follows that the balls {B^ ^{xi, R),Xi, F^g) converge to 
a ball of radius R in H^"'"^ x S"^''^^ in the C^'"-topology of Riemannian manifolds 
with base point. Thus, we get an explanation why the spaces Hj"'"^ x §"-*-■-! appear 
as limit spaces. 

The sectional curvature of ]HI^+^ is — c^. Hence the sectional curvatures of the 
product H^+^ X S"-'^-! are in the interval [— c^, 1]. Using this fact we can prove 
the following Proposition. 

Proposition 6.4. The scalar curvatures of gg and g'g are bounded by a constant 
independent of 9. 

Proof. The metric g'g is the metric of a lyS'-bundle. Hence (fT6|) is valid. We 
calculate dth = il/Ag)x'it/Ag){h2 - /ii) and dfh = il/Ag)Y'it/Ag){h2 - hi). 
This implies Itr^^^t/itl < C/Ag, ItrChi^dtht)^] < C/A^ and Itr^^^^^tl < C/Al 

From (Uni) it follows that ScaF« is bounded. Equation (gT]) then implies that ScaF" 
is bounded. D 

The geometry close to the gluing of Mi \ Ui (e) with M2 \ U2 (e) is described by 
the following simple proposition. 

Proposition 6.5. Let H be the metric on W x (—1,1) given by (x(t)/i2 + (1 ^ 
X{t))hi) + dt^. Then iU^{5a),g'g) is isometric to {W x (-1, 1) x S"-''-\AlH + 

6.4. Proof of Theorem 16.11 The metrics gg are defined for small 9 > as de- 
scribed above. In order to prove Theorem 16.11 it is sufficient to prove 

min{^(M,5), A„.fc} < lim n{N,ggJ < fi{M,g) 

2— >-00 

for any sequence ^^ ^ as i ^ cxd for which hm^^oo ^{^i9ei) exists. Recall that 
(M,5) = (MinM2,5in52). 
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The upper bound on liiui^oo l^iNyge^) is easy to prove. The proof of the lower 
bound is more compHcated, our arguments for this part are inspired by the compact- 
ness-concentration principle in analysis, see for example |12| . 

For each metric ge we have a solution of the Yamabe equation ([5]) . We take a 
sequence of 6 tending to 0. Following the compactness-concentration principle, this 
sequence of solutions can concentrate in points or converge to a non-trivial solution 
or do both at the same time. The concentration in points can be used to construct 
a non-trivial solution on a sphere by blowing up the metrics. 

In our situation we may have concentration in a fixed point (subcase I.l) or 
in a wandering point (subcase 1.2), and we may have convergence to a non-trivial 
solution on the original manifold (subcase II. 1.2) or in the attached part (sub- 
cases II. 1.1 and II. 2). In each of these cases we obtain a different lower bound for 
limi^oo fJ'{N,gei)' In the subcases I.l and 1.2 the lower bound is /i(§"), in subcase 
II. 1.2 it is fi{M,g), and in the subcases II. 1.1 and II. 2 we obtain AJ^ J, and A^ j. as 
lower bounds. Together these cases give the lower bound of Theorem 16. II 

The cases here are not exclusive. For example it is possible that the solutions 
may both concentrate in a point and converge to a non-trivial solution on the 
original manifold. 

In our arguments we will often pass to subsequences. To avoid complicated 
notation we write 6^0 for a sequence (0i)igN converging to zero, and we will 
pass successively to subsequences without changing notation. Similarly limg^o h{9) 
should be read as linii^oo h{9i). 

We set fi := ^{M,g) and ^e '■— fJ'{N,ge)- From Theorem 1 1.1 1 we have 

^l,^ie<KS")■ (48) 

After passing to a subsequence, the limit 

p, := lim ^g e [— oo, ^^(S")] 

6 — *0 

exists. Let J :— J^ and Je '■— J^" be defined as in ([T]). 

We start with the easier part of the argument, namely with 

^l<^i. (49) 

For this let a > be a small number. We choose a smooth cut-off function Xa 
on M such that Xq = 1 on M \ [/(2a), I^XqI ^ 2/a, and x^ = on U{a). Let u 
be a smooth non-zero function such that J{u) < fJ. + S where 5 is a small positive 
number. On the support of Xa the metrics g and gg are conformal since go = F^g 
and hence by ([3]) we have 



^J■0 < Je [XaF 2 u) = J{XaU) 



for 6 < a. It is straightforward to compute that liniQ^o JiXau) = J{u) < ^. -\- 5. 
From this Relation ([^S)) follows. 

Now we turn to the more difhcult part of the proof, namely the inequality 

/2 > min{^,A„,fc}. (50) 

In the case /I — ^{S^) this inequality follows trivially from ([48]) . Hence we assume 
p. < /i(S") in the following, which implies iig < ^(S") if 9 is sufficiently small. From 
Theorem 11.21 we know that there exist positive functions ug G C^ (M) such that 

LS^Ug^figuP~\ (51) 
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and 



u^dv^o ^1. 



N 



We begin by proving a lemma which yields a bound of the L^-norm of ug in 
terms of the i°°-norm. This result is non-trivial since Vo\{N,gg) — > oo as 6* — + 0. 

Lemma 6.6. Assume that there exists 6 > such that 

Me sup u^g < — 

(7" (6) ii(n~-Z) 

for 9 small enough. Then there exist constants Ci , C2 > independent of 6 such that 



uldv^o < ci\\ue\\ 



N 



L^{N) 



C2 



for all sufficiently small 6. In particular, if ||u6i||L°°(Af) "i-s bounded, so is \\ug\\i^2(^pfy 

Proof. Let f e (0,5) be fixed and set P = U{f). Then P is a M^S'-bundle where, 
with the notation of Section [5l / — {a, [3) with a = — In f + In e and /? = In f — In e. 
On P we have two natural metrics: ge and gws — de — 90 ~ Tt. The metric 
(7ws has exactly the form (I14p with tp — f and ht = ht. Let 9 be small enough 
and let t € (— In f + In e, — In Sq + In e) U (In 5q — In e, In f — In e). Then assumption 
(At) of Theorem 15.21 is true. Now, again if 9 is small enough, we have for all 



t e (-ln(So + lne,ln(5o - Ine) the relation ScaF^ 
error term e{ht) from (Bt) in this case satisfies 



\e{ht)\ < 



trj^^dtht 



tr/., 



X'{t/Ag) 



Scar 



^2 - hi 



Oil/Ag). The 



< 






and 



\dteiht)\^ tx (h^\dtht)K\dtht) 



irj^dfht 



< 






Because of l/Ag < 9 condition (Bt) is true. Equation ((5T|) is written in the metric 
gg. Using the expression of the Laplacian in local coordinates. 



A^0u^-J2{detggr'^'d. (^gl'{detgey/^d, 



one can check that if we write Equation (j5ip in the metric gws we obtain an 
equation of the form dTT]) with n = ug. Together with (O, (gS]) and (gT]), one 
verifies that the error terms satisfy 

|A(x)|g„3, |X(a;)|g„3, |s(a;)|g„3, |e(x)|g„3 < Ce--^^*', 

where | • |g„g denotes the pointwise norm at a point in U (Rq), and where C is a 
constant independent oi 9. In particular for any cq > 0, we obtain 

\Mx)\g„s,\^ix)\gwsAs{x)\g^sAeiht){x)\g„s,\e{x)\g„^ < Cq 

on U^ (9) for small 9. These estimates allow us to apply Theorem 15.21 By the 
assumptions of Lemma [6.61 if f e (0, b) is small enough, Assumption (jlSp of The- 
orem [5?2] is true. Thus, all hypotheses of Theorem 15.21 hold for a :— — Inf + Ine, 
/3 := Inf — Ine, and hence 



Jp' n 



k-2 



(VolS"(F„)+VoF^(P/3)), 
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where P' := U^ {re ''). Now observe that 



does not depend on 9 (since F^ and F^ correspond to the hypersurface r = f). This 
imphes that 

/ uldv^-'- <C\\ue\\l^f^^) 
J p' 
where C > is independent of 6. Since if f is smah enough, we clearly have 

dv^o < 2dv9"s , 

and we obtain that 

where ci :— 2C > is independent of 6. Now observe that VoF" {N\P') is bounded 
by a constant independent of 6. Using the Holder inequality we obtain 

ul dv^o = ul dv^o + ul dv^o 

N Jp' Jn\P' 

<cihe||ioe(jv)+Vor(7V\P')*(y" ^u'edv] . 



Since ||we||Lp(Ar) = 1, this proves Lemma 16.61 with ci as defined above and with 
C2 := VoF''(iV\P')^. For small 9, the metric ge\N\P' is independent of 6*, and thus 
C2 does not depend on 9. D 

Corollary 6.7. 

liminf ||we||ioo(^) > 0. 

Proof. We set mg := |lue||L°°(Af) and we choose xg in N such that ug{xg) = mg. 
In order to prove the corollary by contradiction we assume linig^o "^e = 0. Then 
since /ig < /^(S") the assumption of Lemma [6.61 is satisfied for all 6 > for which 
U^{b) is defined. We get the contradiction 

1 = / uPgdv^' < mP-^ f uldv^ < mg-^(cim^ + cj) ^ 
Jn Jn 

as 6* ^ 0. D 

Corollary 6.8. 

n — lim Ufl > — cx). 
e— 

Proof. Choose xg as above. We then have A3''ug{xg) > 0, which together with ((5T|) 
gives us 

ScaP(a;e)||we||L-(Af) < Mell^^ellL^^Ar)- 
Proposition 16.41 and the previous corollary then imply that /^e is bounded from 
below. D 

In addition, by Theorem ll.il fig is bounded from above by /i(S"). It follows that 
/2 G M. The rest of the proof is divided into cases. 

Case I. limsupg^o l|we|lL°c(7v) = co- 
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As before we set mg := ||we|lL°=(Ar) and we choose xe £ N with ug{xe) = nig. 
After taking a subsequence we can assume that hmg^o "le = oo. We consider two 
subcases. 

Subcase I.l. There exists 6 > such that xg £ N \ U'^{b) for an infinite number 
of 61. 

We recall that iV\C/^ (5) = N,\U,^{b) ^ MiRAhXUib). By taking a subsequence 

we can assume that there exists x £ Mi 11 M2 \ U{b) such that lim6i-+o xe — x. We 

4 

let gg :— rrig^^ gg. In a neighborhood U oi x the metric gg — F^g does not depend 

on 9. We apply Lemma lOl with O — U,a = 9,qa — xg,q = x,ja— 99— F'^9, and 

2 

ba = JTig "^ . Let r > 0. For 6 small enough Lemma |4 . 1 1 gives us a diffeomorphism 

ee:S"(r)^B»«(a;e,m;^r) 

such that the sequence of metrics {Qg{gg)) tends to the flat metric ^" in C'^{B"'(r)). 
We let ug := nig^ug. By Q we then have 

L^^ug = fJ.gul"^ 
2 
on B^''{xg,mg ""^r) and 

= 1. 

Here we used the fact that dv^" = nrfg dv^" . Since 

Qg : (i?"(r),e;(.9e)) "> (iJ^^a^e, "^^^^),59) 
is an isometry we can consider ug as a solution of 

L'^'^^^^^^Ug = ^^guP-' 

on S"(r) with Jg^^^^u'g dv'^'^^ss) < 1^ since ||u0||L~(B"(r)) = l"0(O)| = 1 we can 
apply Lemma [4.21 with V = M", a = 6, g^ = ©^(se), and Ua — ug (we can apply 
this lemma since each compact set of M" is contained in some ball B'^{r)). This 
shows that there exists a non-negative function m ^ (since m(0) — 1) of class C^ 
on (M",^") which satisfies 

By (fT2)) we further have 

uPdv^" = lim /" _^_ M^dw^" < 1 

for any r > 0. In particular, 

uPdv^" < 1. 



From Lemma [4.31 we get that fi > /i(S") > min{/i, A„.fc}. We have proved (|5D|) in 
this subcase. 

Subcase 1.2. For aU 6 > it holds that xg £ U^{b) for 9 sufficiently small. 
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The subset U (b) is diffeomorphic to W x I x S'^ where / is an intervaL 

We identify 

where ye € W, ts € (— lni?o + Ine, — hie + lni?o), and zq S 5"~'^~^. By taking a 
subsequence we can assume that ye, ^, and zg converge respectively to y G W, 
T e [—00, +00], and z e S"'^*^^^. First we apply Lemma |4?T] with V = W, a ^ 9, 

qa ^ ye, q ^ y, la = htg, 70 = hr (we define h^^o = ^1 and h+^o = /i2), and 

2 

ba = nig^^ e-'^*"' . The lemma provides diffeomorphisms 



61^:5^0 



B'''o{yg^mg "-"e^^f'^V) 



for r > such that (Og)*(TOg'' ^ e^^ '-*■<>'> htg) tends to the flat metric S,'^ on S''(r) 

as 6* — > 0. Second we apply Lemma l4.ll with V — S"^'^^^, a — 9, qa = zg, 

2 

7a ~ Jo ^ cr"^*''^^, and ba = TTig^^ . For r' > we get diffeomorphisms 



QZ . 5"-fe-l(/) 



B" 



'{zg,mg " V) 



such that (e^)*(mg-V"^'=-i) converges to f'-^-i on B"-'=-i(r') as 6* ^ 0. For 
r, r' ,r" > we define 



11-2 // 



and 

by 



C/e(r,r',r") := #'f'(ye,mg -^e-^^^^V) x [t, 

60 : B'^ir) X [-/',/'] X B"-'=-i(r') ^ C/e(r,r',r") 



2 

where t{s) := t^ -\-mQ~'^ s. By construction B^ is a diffeoniorphism, and we see that 



(52) 



Next we study the first term on the right hand side of ((52|) . Note that it is here eval- 
uated at i, while we have information above when evaluated at tg. By construction 
of f{t) one can verify that 



lim 



.fit) 



1 



since -fi and -jrf- are uniformly bounded. Moreover it is clear that 



lim 



ht - ht. 







2 2 

uniformly in i € [ig — rUg "^^^r",tg + tti^ ""^r"]. As a consequence 



lim 



(e^r(^mf^(e2/W/i,-e2/(*«);.,,) 



= 



C2(B'=(r)) 
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uniformly in t. This implies that the sequence {Q^)*{mg ^ e'^^^^'^ht) tends to the flat 
metric ^'^ in C'^{B''{r)) uniformly in i as 6' — > 0. We also know that the sequence 



(0fl)*K 



1-2 ^n-k-l\ 



tends to ^ 



7i — k—l 



in C^{B 



n — k—l(„l 



(r')) as 



0. Recall from 



(|12)l that g'g = ge — Tt, we have proved that Q*g{mg^'^ g'g) tends to the flat metric 
in C'^{B'^{r) x [—r",r"] x B"-~^~^{r')). Finally we are going to show that the last 
term of (l52l) tends to zero in C^. It follows from (l44l) that 



lim 

0^0 



Q*eiTn;-'Tt) 



= 0. 



(53) 



Indeed, (gH) tells us that 



Tt{Qe.{X),Qe*{Y)) 



<Cr\X\ -^ \X\ ^_ , 

4 

and since 'dgimg^^ g'g) tends to the flat metric we get ([55]) . Doing the same with 
"^ft and V^ft using JUl) and (ge]), we obtain that 



iime;K"-T,) = o 



(54) 



in C'^{B^{r) x [— r", r"] x _B" '^ ^(f'))- Returning to ([5^ we see that the sequence 

e;(TO^ge) tends to ^" = $'= + ds^ + ^"-^-i on B^{r) x [-r", r"] x S"-'=-i(r'). 
We proceed as in Subcase I.l to show that /2 > /i(§") > min{/i, A„_fc}, which proves 
Relation (|5D|) in the present subcase. This ends the proof of Theorem 16.11 in Case 
I. 

Case II. There exists a constant Ci such that |1m6i|1l°°(a') < Ci for all 6. 

As in Case I we consider two subcases. 

Subcase II. 1. There exists 6 > such that 

^ p-2\ ^ {n~k-2f(n-l) 



liminf | ^ig sup u; 



< 



c/"(b) J 8{n-2) 

By restricting to a subsequence we can assume that 

p_2 , {n-k-2f{n-l) 



fig sup Wg 

(7" (6) 



< 



(55) 



8(n-2) 
for all 6*. Lemma 15^ tells us that there is a constant Aq > such that 

\\ue\\L^(N,ge) < ^0- 

We split the treatment of Subcase II. 1. into two subsubcases. 

Subsubcase II. 1.1. limsup,,^Q limsupg^QSup[/iv/(,) ue > 0. 

We set Do '■= \ limsup^^Q limsupg^o sup^wj-j-j ug > 0. Then there are sequences 
(bi) and {0i) of positive numbers converging to such that 

sup Ug^ > Dq, 

C/"(bi) 
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for all i. For brevity of notation we write 9 for 9i and bg for bi. Let x'g G U^{bg) 
be such that 

ueix'g) > Dq. (56) 

As in Subcase 1.2 above we write x'g = {ye,to,zg) where yg £ W, tg G (— lni?o + 
hie, — In e + lni?o), and zg G S"^^^^^ . By restricting to a subsequence we can 
assume that yg, -j-, and zg converge respectively to y G W, T G [— oo,+oo], and 

z G 5"^'^^^. We apply Lemma [47T] with V — W, a = 9, qa = yg, q = y, 7q = ht„, 
Jo = Ht, and ba = e'^*""' and conclude that there is a diffeomorphism 



Ql:B\r)^B'^*e{yg, 



.-fite). 



for r > such that {Q^)*{e'^^^*'''>htg) converges to the flat metric (_'' on B^{r). For 
r, r' > wc define 



C/e(r,r'):=B'''«(2/e,e 



-fits) 



') X [t 



8~ r ,1 



and 

by 



eg:B''{r) X [-r',r'] x S*" 



-fc-i 



+ r'] X S' 
U9{r,r') 



i-fc-i 



Qg{y,s,z) := (e^(y), t(s), z), 
where i(s) := te + s. By construction, 0^ is a diffeomorphism, and we see that 



0;(59) 



=2/(ts) ^"« 



(0^)*(e2/(t.)^^) + rfs2 + a"-'=-i + e;(Tt) 



(57) 



We will now find the limit oiQg{gg) in the C^ topology. We define c :— limg^o f'{te)- 
Lemma 6.9. For fixed r, r' > the sequence of metrics Qg{gg) tends to Gc — 



^k+l _^ ^n-k-l 



= e^"""^" + ds^ 



-fc-i 



in C'^{B^{r) X [-/,/] x S'"-'=-i) 



As this lemma coincides with [3] Lemma 4.1] we only sketch the proof. 
Proof. The intermediate value theorem tells us that 

\f[t)-f{tg)-f{tg){t^tg)\<'-^ max |/"(,s)| 

2 se[te-r' .te+r'] 

for aU t e[tg - r',tg + r']. Because of (gl]) we also have ||/"|!l=o -> for 6* ^ 0, 
and hence 

Imi ||/(i) - f{tg) - f{tg){t - t,)||cO([t«-.',t«+.']) = 

for r' fixed. Further we have 

d_ 

dt' 



f{t)~f{tg)~ntg){t~tg)) 



\nt)~nte)\ 



f"is)ds 



<r' max |/"(s)| 

se[te — r' ,te+r'\ 

->0 



as 6* ^ 0, and and finally 

d2 



dt^ 



{f{t)-f{te)-f{tg){t-tg)) 



irwi-0 
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as 



0. Together with c = hnie^o f'{te) we have shown that 

lun ||/(i) - f{te) - c(t - te)\\c.(^,^_,,^t,+r']) - «. 



Hence 



hm 



e/(*)-/(«») _ gc(t-te) 



2f(t) 



We now write e^^^^^ht = e^f^^^ht - ht,) + ^2m^e^f ^^o^ht,. Using the fact that 



hm 

0^0 



ht - ht. 



C2(s''*e(i;e:e-^<*e)r)) 



= 



uniformly for i G [te — r\te — r'] we get that the sequence %j^tg) (Qe)*(e^^'-*''^fet) 
tends to e'^'^'^S,'' in C'^{B^{r)) where again s — t — tg e [— r', r']. Finally, proceeding 
exactly as we did to get Relation ([5^ . we have that 



u — >\) 







in C'^{B''{r) x [-/, /] x S'^-''-^). Going back to ^ this proves LemmaEH D 

We continue with the proof of Subsubcase II. 1.1. As in Subcases 1.1 and 1.2 we 
apply LemmaHJwith {V,g) = {M.^+^ x S'"-''^-\ Gc), a = 6*, and g^ = 69(50) (we 
can apply this lemma since any compact subset of R'^^^ x 5'"-*^-i is contained in 



some B^{r) x [- 



xS*" 



-fe-i 



) . We obtain a C^ function u > which is a solution 



of 



jfc+i X s-n-fc-i^ pi-ojn ([HI) it follows that 



'du^<= < 1. 



fe+lxS"-*"-! 



From m]) it follows that u £ L°°(M''+i xS'""''"!). With dHS]), we see that m(0) > Dq 
and thus, u^Q. By (HSl), we also get that u e L2(M'=+i xS'""''"^). By the definition 
of A^ J, we have that /i > A^ j, > A„jt. This ends the proof of Theorem 16. II in this 
subsubcase. 

Subsubcase II. 1.2. limf,^o limsupg^Q sup(jjv(j) Ms = 0. 

The proof in this subsubcase proceeds in several steps. 
Step 1. We prove limf,^o limsupg^^Q /^Nf^) u^g dv^" — 0. 

Let 6 > 0. Using (ISS)) we have 

/ uP dv^o < Ao sup uP-^ 

where the constant Aq is independent of h and 9. Step [T] follows. 



Step 2. We show liminfh^o liminfe^o Ju"{2b)\u'^{b) ' 
Let 



\dvS'' =0. 



do '■= liminf liminf 



6-^0 e^o 



ildvs^. 



(7"(2b)\C/«(b) 
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We prove this step by contradiction and assume that do > 0. Then there exists 
(5 > such that for all b e (0, S], 

lim inf / Ur, dv^" > -— . 



*0 ./t/N(2b)\C/"(fc) 2 



For m e N we set V,n := U(2-"'S) \ f7(2-(™+i)(5). In particular we have 

lira inf / Un dv^" > -—■ 



S^O Jy^ " - 2 

for all m. Let iVo G N. For m ^ m! the sets Vm and Vm' are disjoint. Hence we 
can write 

N„ 



for 9 small enough. This leads to 

lim inf / Ug du^" > lim inf V / ul dv^" 



Uv^o 



IN 

No 



> > lim inf / 

±1 «-o iv 



u 



^dwS" 



>(iVo + l)f. 

Since Nq is arbitrary, this contradicts that (ug) is bounded in L'^{N) and proves 
StepH 

Step 3. Conclusion. 

Let do > 0. By Steps [1] and [2] we can find 6 > such that after passing to a 
subsequence, we have for all 9 close to 

ul dv^o >l-do (58) 

N\U"{2b) 

and 

/ ul dv^o < do. (59) 

Ju'^{2b)\U"{b) 

Let X e C°°{M), < X < 1, be a cut-off function equal to on U^{b) and 
equal to 1 on iV \ U^{2b). Since the set U^{2b) \ U^{b) corresponds to t e 
[to — In 2, to] U [ii, ti + In 2] with to = — In 6 + In e and ii = Inb— Ine we can assume 
that 

Mxis. <21n2. (60) 

We will use the function x^e to estimate /i. This function is supported in iV \ 
U^{b). If 6* is smaller than 6, then (7V\C/^(6),5e) is isometric to {M\U^''{b), F^g). 
In other words {N \ U'^{b),ge) is conformally equivalent to (M \ U^'^ (b),g). Rela- 
tion ([3]) implies that 

^,, , Ua\dixue)\l+Sce.WHxue?)dvao 

IJ- < Jeixue) = ^^2 ■ (61) 

{lNixue)P dv9o) " 
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We multiply Equation (fSTIl by x^ue and integrate over N. From (l65|) we see that 

\d{xue)\ldvi">^ f x^ueAsougdvSo+ f \dx\luldvSo, 
N Jn Jn 

and we obtain 

(a|rf(xwe)lL +ScaP(xtie)2) dv^' ^ ^ie f u^x^ dv^^ + a [ \dx\l,uUvSo 
N JN Jn 

Jn Jc/«(2fc) 

+ « / \dx\iy0dv3r 
Jn 



Using ((59l) and ([60]) . we have 

\dx\iyedv^^ = f \dx\luUv^^ < 4(ln 2)2^0- 

N J(7«(2b)\C/«(6) 

Relation ([58]) implies /j^„ .^^^ u^ dv^" < d^ . Together with J^ vFq dv^" = 1 

{a\d{xue)\l, + Sca\^' ixuef) dv^o < ne + \fie\do + 4{\n2fado. (62) 



{xug)PdvS^>l-do. (63) 

N 



IN 

In addition, by Relation ((58|) 



Plugging ([62|) and ([63|l in ([6T|l we get 



Me + |MeMo + 4(ln2)2arfo 



(1-do) — 

for small 9. By taking the limit 9 —i- we can replace /ig by p, in this inequality. 
Since do can be chosen arbitrarily small we finally obtain jj, < fl. This proves 
Theorem 16. II in Subcase II. 1. 



Subcase II. 2. For all & > 0, we have 

,. . , / p^2\ ^ (n-fc-2)2(n-l) 

hmmt ug sup u2 > —, -r . 

0^0 y%Nl,^ ' j - 8(n-2) 

Hence, we can construct a subsequence of 9 and a sequence {he) of positive 
numbers converging to with 

y ■ J p-2\ ^ {n^k-2Y{n-l) 

hmmt llq sup u^ > tt, ;:^ • 

«-o \ u-(L) ~ 8(n-2) 



Choose a point a;^ e U^{bg) such that ue(a;g) = sup[;N({,g-) ue. Since /ie < /i(§"), 
we have 

, „, /(n-/s- 2)2(71- 1)\ ^ 



8Ai(§")(n-2) 

With similar arguments as in Subcase II. 1.1 (just replace Xg by Xg and Dq by Di), 
we get the existence of a C^ function u > which is a solution of 
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jfc+i X 5'n-A.-i_ As in Subsubcase II.l.l, u^O,ue L°°(M'^+^ x S''-''-^), and 

uPdv'^" < 1. 

Ik+ly^grz-k-l 

Moreover, the assumption of Subcase II. 2 implies that 



[ 



fluP-^iO) - ]imt,euP-'{x'^) > '" "'[''' 



By the definition of AJ^ j^ we have that ^ > AJ^ j^, > A„^fe. 

Appendix A. Scalar curvature 

In this section U denotes an open subset of a manifold and q d U a fixed point. 

Proposition A.l. Let g be a Riemannian metric on U and T a symmetric 2- 
tensor such that g := g + T is also a Riemannian metric. Then the scalar curvature 
ScaF (q) of g in q d U is a smooth function of the Riemann tensor R^ (q) of g 
at q, T{q), V3T{q), and {\'s)'^T{q). Moreover, the operator T ^ ScaF+'^(<?) is a 
quasilinear partial differential operator of second order. 

Proof. The proof is straightforward, we will just give a sketch using notation from 
[5] which coincides with that of [T9] . We denote the components of the curvature 
tensors of g and g by 

R^Jkl - giR'idk, di)d,,d.,), R,jki = giR\dk,di)dj,d,). 

We work in normal coordinates for the metric g centered in q, indices of partial 
derivatives in coordinates are added and separated with , and covariant ones with 
respect to g separated with ;. In particular T = Tijdx^ dx^ , 

Tki-i — (ViT)(9fc, di) = diTki — Tmi^it — Tkm^^- 
At the point q we have gu.i — T^i-i. As explained in [51 Formula (13)] we have 

1 
3 
at the point q. Hence in that point, 

Tkl-rs — (Vrgr)(9fc,9() = drdsTkl + -Tjnl{Rsmrk + Rsrmk) + -;;T7nk{Rsmrl + Rsrml)- 

In order to calculate the scalar curvature ScaF (q) of g in q we use the curvature 
formula as in [19] and contract twice. We obtain 

ScaF((?) = g^^g'^^igk^.,, - ~gk^,ra,) + P(.g™, gy.fc) (64) 

where P is a polynomial expression in g~^ and dg that is cubic in g^^ ~ g'"' and 
quadratic in gij^k- Note that formula ()64|) holds for an arbitrary metric in arbitrary 
coordinates. The polynomial P vanishes for T = in normal coordinates for g. D 

Corollary A.2. Let U C T*M(S)T*M(S)T*M(S)TqM he a hounded set of curvature 
tensors. Then there is an e > and C € M. such that for all metrics g on U with 
R^\q (z TZ we have: if 

max |(V«')''T(g)| < e, 

ie{0,l,2} ' ' 

then 

|ScaF+^(g) - ScaF(g)| < C {\{^n^T{q)\ + \\/<^T{q)\\^ + \T{q)\\ 



^ a^ ij — C'tji j^j — ^ [-ttikaj ~r -ttictkj } 
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Appendix B. Details for equation (|T6l) 

We compute the scalar curvature of the metric dt^ + e^'-^^^'^ht on / x W . This is 
a generahzed cyhnder metric as studied in [8J. In the following computations we 
use the notation from 0, so gt = e^'^'^'-'ft-t and we have 

and 

This implies that the shape operator 5 of the hypersurfaces of constant t is given 

by 

S = -Lp' - -h^^dtht, 
so 

tr(52) = k^\tf + if'itMh^'dtht) + hriih^'dthtf), 



and 



Further 



tr(5)2 = fcV(i)^ + k(p'{t)tr{ht^dtht) + hr{h-^dthtf . 



= i2^"it)+Aip'{tf)k + Aip'it)tiihi^dtht)+trh^idfht). 
From 8, Proposition 4.1, (21)] we have 

Scal^'"""''+'^*' = Scal^'^'*"'* + StrC^^) - tr{S)' - tr,,.9, 

= e-2¥'(*)Scal''' - fc(fc + l)(/7'(i)2 - (fc + l)^'{t)tTihi^dtht) 

- 2V'W + ^tr((V'9t/it)') - \tY{hi'dtht)^ - iruAdtht). 

When we add the scalar curvature of cr"^*'^^ we get Formula (fT6| for the scalar 
curvature of gvvs = dt^ + e^'^^'^/it + cr"^''^^. 

Appendix C. A cut-off formula 

Here we state a formula used several times in the article. Assume that u and x 
are smooth functions on a Riemannian manifold (A, h) , and that x has compact 
support. Then 



\d{xu)\^ dv^ = / {u'\dx? + (udx, Xd^) + {Xdu, d{xu))) dv'' 

N JN 



N 



N 



{y?\dx\'^ + xu{dx, du) + {du, xd{xu))) dv'' 

[u'^\dxf + xu{dXj du) + (du, d{x^u) — x^dx)) dv (65) 

{u^\dx\^ + {du,d{x^u))) dv^ 



N 



N 
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